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Broadcast Channels 
THOMAS M. COVER, MEMBER IEEE 

Abstract-We introduce the problem of a  single source attempting to 
communicate information simultaneously to several receivers. The  intent 
is to model  the situation of a  broadcaster with multiple receivers or a  
lecturer with many  listeners. Thus several different channels with a  
common input a lphabet are specified. W e  shall determine the families of 
simultaneously achievable transmission rates for many  extreme classes 
of channels.  Upper  and  lower bounds  on  the capacity region will be  found, 
and  it will be  shown that the family of theoretically achievable rates 
dominates the family of rates achievable by  previously known time- 
sharing and  maximin procedures.  This improvement is gained by  superim- 
posing high-rate information on  low-rate information. All of these results 
lead to a  new approach to the compound  channels problem. 

I. INTRODUCTION 

T HIS PAPER attempts to develop some intuition on the 
general topic of the simultaneous communication of 

information from one source to several receivers. Examples 
of simultaneous communication include broadcasting 
information to a crowd, or broadcasting TV information 
from a transmitter to multiple receivers in the area, or giving 
a lecture to a group of disparate backgrounds and aptitudes. 

We  will find that our proposed model will also be 
applicable to the situation of compound channels, where 
the transmitter does not know the true channel charac- 
teristics but wishes to transmit at an interesting rate to the 
receiver. 

The general broadcast channel with k receivers is depicted 
in Fig. 1. Details of this formulation are made precise in 
Section III. The basic problem is to find the set of simul- 
taneously achievable transmission rates (R,,R,, * . . ,Rk). 

Suppose that the transmission channels to the receiver 
have respective channel capacities C1,C2; * *,C, bits per 
second. The first approach that suggests itself is the maximin 
approach-send at rate Cmin = min {C,,C,; * *,C,}. Even 
this modest goal is only possible when the channels are 
compatible in some sense (see Section IX for the general 
expression). If the channels are compatible, each receiver 
will understand perfectly at the rate R = Cmin bits/s. Here 
the transmission rate is limited by the worst channel. At the 
other extreme, information could be sent at rate R = C,,,, 
with resulting rates Ri = 0, i = 1, 2, . . . , k - 1, for all but 
the best channel, and rate R, = C,,, for the best channel. 
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Fig. 1. Broadcast channel.  

The next idea is that of time sharing. Allocate proportions 
of time 1,,/2,; * . ,&, Izi 2  0, C li = 1, to sending at rates 
c,,c,,* * * ,C,. Assuming compatibility of the channels and 
assuming C, I C, I * * * I C,, we find that the rate of 
transmission of information through the ith channel is 
given by 

Ri = C ~jCj, i = 1,2;**,k. 
j5i 

To our knowledge, no other schemes have been discussed 
in the literature, nor has the problem of the broadcast 
channel been formulated. 

In this paper, we shall show that even this family of rates 
can be exceeded. In particular, it will be shown that for a  
slight degradation in the rate for the worst channel, an 
incrementally larger increase in the rate of transmission can 
be made for the better channels. The heuristic that will 
result from our discussion will be that one should not trans- 
mit simultaneously to several channels at the rate of the 
worst channel, nor should one attempt to transmit infor- 
mation by a time-sharing or time-multiplexing method, but 
rather one should distribute the high-rate information across 
the low-rate message. 

Examples of good encodings for a  family of binary 
symmetric channels and for a family of Gaussian channels 
will be presented. Also, the extreme case of orthogonal 
channels, in which it does not matter that one is trying to 
send two messages at once to two different people, will be 
considered, as well as the other extreme of incompatible 
channels, in which the transmission of information to one 
receiver precludes the transmission of information to the 
other. 

II. Two BINARY SYMMETRIC CHANNELS 

Before proceeding with the precise formulation of a  
broadcast channel in Section III, let us pursue the case of 
two binary symmetric channels in heuristic detail. Unfamiliar 
terminology may be found in Ash [l] and Section III. 

Let the input alphabet be X = {1,2) and the output 
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Fig. 3. Some achievable rates for the BSC. 

Fig. 2. Two binary symmetric channels.  

alphabets for receivers 1 and 2 be Y1 = (1,2} and YZ = 
{1,2}. Let the channel matrices be given by 

(1) 

as depicted in Fig. 2. 
Thus channel 1  is noiseless and channel 2  is a binary 

symmetric channel (BSC) with error probability p. The 
corresponding channel capacities are C, = 1 bit per 
transmission and C, = C(p) = 1 - H(p) bits per trans- 
mission. 

The maximin approach would have us transmit at rates 
(R1,R2) = (C,,C,) as shown in Fig. 3. (The maximin 
points are loosely called the minimax points in the figures. 
Although not generally equal, minimax and maximin are 
equal in all examples depicted in the figures.) These rates can 
indeed be simultaneously achieved by using a standard 
(2”wr6) +,A,) code for channel P, (see Wolfowitz [2]). 

At the other extreme, we may send at rate R, = 1 with 
zero probability of error to receiver 1, with a resulting rate 
Rz = 0 for channel 2. Then, by allocating a proportion of 
time ,J to sending at rate (C,,C,) and a proportion of time 
1 - Jti to sending at rate (l,O), we obtain the family of rates 
shown by the straight line in Fig. 3. This we shall call the 
time-sharing lower bound of the set of achievable rates. 

Now let us see how to do better. We  know, from the 
random coding proof, that a  good (2”(C2-E),n,&) code can 
be generated by choosing at random a subset S of 2”1C2-E) 
elements from the set of 2” binary n-sequences X” = { 1,2)“, 
and using the decoding rule that assigns the received vector 
Y = (YlJb,*.. ,y,) to the element of S that is within 
Hamming distance n(p + E) of y. 

Let us choose a code of this form designed for a somewhat 
noisier channel; namely, the cascade of a  BSC of parameter 
p and a BSC of parameter a, resulting in a BSC of parameter 
ap + @ , where E = 1 - a. Thus there will be only 
2”(C(a@+‘p)-E) codewords in this set, but a  larger noise of 
size n(ap + Ep) will be tolerated. 

We  now take advantage of this tolerance by packing in 
some extra message information intended solely for the 
perfect receiver Y1. 

W ith each codeword x in S G X” = { 1,2)“, we will 
associate the set of all codewords at Hamming distance 

ALL 
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%  

&J 
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Fig. 4. Space of codewords for BSC. 

equal to [an], as suggested by the clouds of points shown in 
Fig. 4. 

This code structure allows the transmission of an arbitrary 
integer r e  { 1,2, * * * ,2”(C(a~fEp)-E)} to both receivers 1 and 2 
and an arbitrary integer 

to receiver 1. (See Section III for further elucidation of these 
ideas.) The message (r,s) is sent in the following manner. The 
integer r designates the cloud, and the integers designates the 
point x E {1,2)” within the cloud. This n-sequence n is then 
transmitted. The perfect channel receives y1 = x and thus 
correctly decodes both r and s. Since there are 

( 1  ca;, M  2”H(4 

points per cloud, we see that the transmission rate for 
channel 1  is 

R, A ! log 2nHk=)2’J(C@3+LP)-E) = C(ap + tip) + H(a) - c. 
n  

(2) 

Channel 2  perceives the cloud center as if it had been sent 
through an additional BSC of parameter a (due to the choice 
of s). However, since the cloud centers were chosen to be 
distinguishable over a BSC of parameter ap + tip, we see 
that r is correctly decoded by receiver Y,. Thus 

R, = C(ap + tip) - E. (3) 
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Fig. 5. Set of achievable rates for BSC. 

This argument suggests that (R,,R,) is jointly achievable. 
The Appendix contains the proof. Letting a range from 0 
to 1 generates the new achievable set of rates shown in 
Fig. 5. We strongly believe that Fig. 5 exhibits the optimal 
region of achievable rates. 

This curve dominates the time-sharing curve. We note also 
that near the minimax point, the slope is zero. Thus an 
infinitesimal degradation in the rate for the poor channel 
will allow an infinitesimally infinite increase in the rate for 
the good channel. Consequently, at least for two BSC, 
superposition of information dominates time sharing. 

This example naturally leads to a conjecture concerning 
the evaluation of the capacity region for a special class of 
broadcast channels in which one channel is a degraded 
version of the other. 

Definition: Let P and Q be channel matrices of size 
1x1 x 1 Y1 1 and 1x1 x 1 Y2 1, respectively. Q will be said to 
be a degraded version of P if there exists a stochastic matrix 
M  such that P = QM. Shannon[6] has shown that the 
capacity of channel Q is not greater than that of channel P. 

Conjecture 1: Let S be an arbitrary 1x1 x 1x1 channel 
matrix corresponding to the channel density p(x 1 s) and 
let p(s) be an arbitrary probability distribution on X. Let 
p(s) induce the joint distributionp(y,,y,,s,x) = p(s)p(x 1 s) 
p(y1,y2 1 x) on (y,,yZ,s,x). Let P, be a degraded version of 
P,. Then the set of achievable (Rr,RJ pairs for the broad- 
cast channel (X, p(yl,yI 1 x), Yi x Y,) is given by 
(I(S;Y,) + I(X;Y, I S), I(S;Y,)); generated by all channels 
S and probability distributions p(s). 

The two-BSC example in this section is a special case of 
this conjecture. The code that achieves (R,, R,) is construc- 
ted in an analogous manner. At the time of this writing, 
P. Bergmans at Stanford has made some progress on the 
proof of this conjecture. In fact, Bergmans’ considerations 
have allowed me to modify the conjecture from an initially 
more ambitious version involving a larger class of channels 
mentioned in [6]. I no longer have any basis for belief in 
the more ambitious conjecture. 

III. DEFINITIONS AND NOTATION 

We shall define a two-receiver memoryless broadcast 
channel, denoted by (X, p(yl,yl 1 x), Y, x YJ or by 

p(yi,y, 1 x), to consist of three finite sets X,Y,,Y, and a 
collection of probability distributions p( *, * 1 X) on Y, x YZ, 
one for each x E X. The interpretation is that x is an input 
to the channel and y1 and y, are the respective outputs at 
receiver terminals 1 and 2 as shown in Fig. 6. The problem 
is to communicate simultaneously with receivers 1 and 2 as 
efficiently as possible. 

For the development of this paper we shall need knowl- 
edge only of the marginal distributions 

k(Yl I 4 = ,,z, P(Yl, Yz I -4 

P2( Y2 I 4 = ,*L-& PC Yl, Y2 I 43 (4) 

which we have designated in the examples by channel 
matrices P, and P, of sizes 1x1 x IY,l and 1x1 x lY21, 
respectively. The possible dependence or independence of 
Y, and YZ given X is irrelevant, given the constraint that 
the decoding at the two receivers must be done indepen- 
dently. 

The nth extension for a broadcast channel is the broadcast 
channel 

W”, P(Y,,Y, 14, YI” x Y2”)l (5) 

where P(Y~,.v~ I x) = EL;= 1 P(Ylj,Yzj I Xj>, for x E  X”, 
Yl E  Yl”, Y, E  Y2”. 

An ((M,,M,,M,,),n) code for a broadcast channel 
consists of three sets of integers 

R = {1,2;~~,M,,) 

s1 = {1,2;.*,M,} 

s2 = W,***,~,l, 

an encoding function 

x:R x S1 x S2+Xn, 

and two decoding functions 

91: Yl” + R x S,; g,(y,) = (PA> 

g2: Y2” -+ R  x S,; g&d = V,52). 

The set {x(Y,s~,s~) 1 (Y,s~,s~) E R x S, x S,} is called the 
set of codewords. As illustrated in Fig. 6, we think of 
integers sl and s2 as being arbitrarily chosen by the trans- 
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mitter to be sent to receivers 1 and 2, respectively. The 
integer r is also chosen by the transmitter and is intended 
to be received by both receivers. Thus r is the “common” 
part of the message and sl and s2 are the “independent” 
parts of the message. 

An error is made by the ith receiver if gi(yi) #  (r,si). If 
the message (r,sl,s2) is sent, let 

UrJlP2) = Pr {gi(Yi) Z (rJi)l, i = 1,2, (6) 

denote the probabilities of error for the two channels, 
where we note that yl,y2 are the only chance variables in 
the above expression. 

We  denote the (arithmetic average) probability of error 
in decoding (r,sl) averaged over all choices of s2 by 

&(r,sd = + T  &(r,sl,s2). 
2 sz=l 

Similarly, for channel 2  we define 

X2(r,s2) = k SF1 ~2(ryslTs2). 03) 

Finally, we define the overall arithmetic averageprobabilities 
of error of the code for channels 1 and 2 as 

F l(4 = &, & &(r,sl) = h C 4(r,w2) (9) 
r,s*,s2 

Is2(4 = & C J2(r,s2) =  d  C A2(r,sl,s2), (10) 
2 12 r,sz I,Sl,.Y? 

where 

M  = M,M,M,,. (11) 

The overbar on pi(e) will serve as a reminder that this 
probability of error is calculated under a special distribution; 
namely, the uniform distribution over the codewords. 

We  shall also be interested in the maximal probabilities of 
error 

Ai = max  Pr{LTi(.Yi) Z  (rJi> I (r,w2)), i = 1,2, (12) 
~,SI,w. 

corresponding to the worst codeword with respect to each 
channel. Note that 1,, 2  pi(e). 

We  shall define the rate (R,,R,,R,,) of an ((M,,M,, 
M12),4 code by 

R, = 1 log M,M,, 
n  

R2 = A log M,M,, 
n  

R,, = A log Ml2 
n 

all defined in bits/transmission. Thus Ri is the total rate of 
transmission of information to receiver i, i = 1, 2, and R, 2 
is the portion of the information common to both receivers. 

Comment: When ii and pi(e) refer to the nth extension 

of a  broadcast channel, we will often designate this ex- 
plicitly by Ai( p?‘(e). 

DeJnition: The rate (Rl,R2,R12) is said to be achievable 
by a broadcast channel if, for any E > 0 and for all n  
sufficiently large, there exists an ((M,,M2,M12),n) code with 

M,M,, 2  2*RZ 

Ml2 I 2nR12 

such that p,‘“‘(e) < E p2(“)(e) < E. 

(14) 

Comment: Note that the total number M  = M,M2M12 
of codewords for a  code satisfying (14) must exceed 
~WI+RZ-RIZ) 

Dejinition: The capacity region ‘%* for a broadcast 
channel is the set of all achievable rates (Rl,R2,R12). 

The goal of this paper is to determine %* for as large a 
class of channels as possible. 

Comment: We  shall sometimes let ‘%* also denote the set 
of achievable (R,,R,) pairs. However, at this stage in our 
understanding, it seems that sole concern with (R,,R,), 
with the exclusion of concern with R,,, would result in a 
coarsened and cumbersome theoretical development. 

Comment: The extension of the definition of the broad- 
cast channel from two receivers to k receivers is notationally 
cumbersome but straightforward, given the following 
comment. The index sets R,S,,S, should be replaced by 
2k - 1  index sets Z(0), 8  E {O,l,}k, 0  # 0, with the inter- 
pretation that the integer i(Q) selected in index set 
z(e) = {1,2,*.* ,M(O)} is intended (by the proper code 
selection) to be received correctly by every receiver j for 
which oj = 1 in 6 = (01,02,* . *,f?,). Then, for example, the 
rate of transmission over the nth extension of a  broadcast 
channel to the ith receiver will be given by 

Ri = i log oE~lriM(e) = i ,C, log M (e). (15) 
i 

In the two-receiver broadcast channel, the corresponding 
sets in the new notation are R = Z(l ,l), S, = Z(l ,O), 
s, = Z(O,l). 

Section IV treats the best two-channel situation and 
Section V treats the worst. 

IV. ORTHOGONAL CHANNELS 

In this section we shall investigate a broadcast channel in 
which efficient communication to one receiver in no way 
interferes with communication to the other. A movie 
designed to be shown simultaneously to a blind person and 
a deaf person would be such an example. 

Consider the broadcast channel with X = {1,2,3,4}, 
Y, = {1,2}, Y2 = (1,2}, with 
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Fig. 7. Orthogonal channel. 

as depicted in Fig. 7. As before, 

(Pk)ij = Pr {Yk = j I X = i}, k = 1,2; j = 1,2; i = 1,2,3,4. 

We easily calculate C1 = C2 = 1 bit/transmission. 
Clearly, from the standpoint of receiver y,, inputs x = 1 
and x = 2 both result in yl = 1 with probability 1 and can 
therefore be merged. Proceeding with this analysis, we find 
that Y1 can determine only x E {1,2} versus x E {3,4}, while 
Y2 can determine only x E {1,3} versus x E {2,4}. 

For this example, C1 = 1 and C2 = 1 and are, respec- 
tively, attained for Pr {x = l> + Pr {x = 2} = + and 
Pr {x = l> -i- Pr {x = 3) = 4. Solving these simultaneous 
equations, we find (Z(X 1 Y,),Z(X 1 Y2) = (1,l) can be 
achieved by Pr {x = i} = $, i = 1,2,3,4. This in itself does 
not guarantee that (C,,C,) can be simultaneously achieved. 
However, there does exist a coding theorem for this channel. 
Let u1 E {1,2}, u2 E {1,2} denote the message bits that we 
wish to transmit to Yr and Y,, respectively. 

Make the association from pairs of u to input symbols 

(WQ) = (Ll) H 1 
cw2) = W) - 2 

@w2) = c&l) H 3 
@l&2) = @,2) - 4 (17) 

and send the appropriate input symbol x. Then y, = u1 
and y2 = u2, and capacities Cl and C2 are simultaneously 
achieved. Since ul and u2 may be chosen independently, we 
may also achieve R,, = 1 by this scheme. Fig. 8 shows the 
set of achievable rates. The upper bound theorem of 
Section VIII establishes this region as optimal. 

The noiselessness of the channels is not crucial. This 
broadcast channel remains orthogonal in the sense that 
(R1,R2) = (C,,C,) may be achieved even if we define the 
new channels 

In this case, C, = 1 - H(r,) and C, = 1 - H(r2). C, and 
C2 may be simultaneously achieved by selecting sequences of 

(y(G -E$Jlw), (y(G-E$J2(n)) 

codes with words in (O,l>” such that ;I1(“) + 0, ;Iz(“) -+ 0, 

/e-(R,,R21’(I,Il, ACHIEVABLE 
FOR ANY O<R,2<l 

RI 

Fig. 8. Achievable rates for the orthogonal channel. 

as n + co, and selecting Xi E { 1,2} or Xi E {3,4} according 
to the value of the ith bit of the codeword chosen to be sent 
from the first code and selecting Xi E {1,3) or Xi E {2,3} 
according to the value of the ith bit of the codeword selected 
from the second code. Here, any R,, such that 0 I RI2 I 
min {C,,C,} may also be achieved. Nothing more could be 
expected, and each channel performs no worse in the 
presence of the other than it would alone. 

V. INCOMPATIBLE BROADCAST CHANNELS 

In a search to find the worst case of incompatibility in 
simultaneous communication we turn to the following 
practical example which, for obvious reasons, we term the 
switch-to-talk channel. 

Example l-Switch-to-Talk: Let 

x = x, u x2 

Xl 

P, = 

X2 

Xl 

P2 = 

x2 

(19) 

as shown in Fig. 9. 
Each receiver has an indicator that lights when the sender 

is communicating with the other receiver. The idea is that 
when the sender wishes to communicate with Y1 he uses 
x E X1, resulting in y2 = 42, indicating to receiver 2 that 
the sender is communicating with Yl. Similarly, to communi- 
cate with Yz, the sender uses x E X2, resulting in yl = 41. 
This might correspond to the situation, for example, where 
a speaker fluent in Spanish and Dutch must speak simul- 
taneously to two listeners, one of whom understands only 
Dutch and the other only Spanish. 
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Fig. 9. The  switch-to-talk channel.  

(R,,Ql = (a$)+ H(al, ICY’+ HIall 

R,2 Z-H(a) 

C2 
ct TIME SHARING 

Fig. 10. Achievable rates for switch-to-talk channels.  

Let channel 1  have capacity C,(O) and channel 2  have 
capacity Cz (‘) Using the known result for sum channels . 
(see Shannon [3]) we find 

and 
c, = log (1 + 2C’@)) 

c, = log (1 + 2c9. 

We  shall discuss this example informally. Certainly 
(R1,R2) = (C,,O) is achievable and (R,,R,) = (0,CJ is 
achievable, and hence, by time sharing, any pair of rates 
(R1,R2) = (X7,,&‘,), 0  I 3, I 1, is achievable. However, 
additional information is contained in the knowledge of 4  ; 
and proper encoding of the transmission times to Y1 and Y, 
can be used to send extra information to both channels. If 
channel 1  is used proportion IX of the time, c&,(O) bits/trans- 
mission are received by Y,. However, H(ol) additional 
bits/transmission are achieved by choosing which channel 
to send through independently at each instant by flipping a 
coin with bias tl. In other words, modulation of the switch- 
to-talk button, subject to the time-proportion contraint ~1, 
allows the perfect transmission of one of 2nH(a) additional 
messages to both receivers Y, and Y,. 

Thus all (R1,R2) of the form (R,,R,) = (aC,(‘) + 
H(a),EC,“’ + H(a)) can be achieved by choosing the 
subset of n  transmissions devoted to the use of channel I in 

X 

Fig. 11. Incompatible broadcast  channels.  

one of the 2nH@) possible ways. This bound cannot be 
achieved unless the information rate R,, common to both 
channels satisfies R 12 2 H(E). The results are summarized 
in Fig. 10. 

It is an easy consequence of Section VIII that Fig. 10 
corresponds to the capacity region for this channel, and 
therefore that this encoding scheme is optimal for the 
switch-to-talk channel. 

The following example illustrates the worst case that may 
arise in simultaneous communications. 

Example 2-Incompatible Case: Let 

X = {1,2,3,4}, Y1 = {1,2}, Y, = {1,2} 

and let 

as shown in Fig. 11. Thus if X wishes to communicate 
with Y, over the perfect channel x E {1,2} -+ Y,, he must 
send pure noise to Y2, i.e., Pr {y, = 1 1 x E {1,2}} = 3. 
A similar statement holds for X communicating with Yz. 

In Section VIII we shall establish an upper bound on the 
capacity region by finding the set of all achievable (1(X 1 Y1), 
1(X 1 Y,)) pairs. Anticipating these results, we shall make 
this calculation for this example. Let Pr {x = i} = pi, 
i = 1,2,3,4. Define CI = p1 + pz, cl = p3 + p4. Then 
H(Y,) = H(p, + c(/2) and H(Y, 1 X) = 2, yielding 
1(X 1 Y,) = H(p, + k/2) - a. Similarly, IV I Y2) = 
Z(X 1 Y,) = H(p, + E/2) - a. 

First, fixing a, ti and maximizing over 0 I p1 I CL, 
0 5 p4 < E, we find the maximum values 

Z(X ( Yl) = 1 - cl = u 

Z(X ( Y,) = 1 - a  = cl (21) 

achieved byp, = p2 = LX/~ and p3 = p4 = E/2. This is the 
upper boundary of achievable (Z(X I Y,), Z(X 1 Y2)) pairs. 

It may also be verified that, for any a E [O,l], there exist 
p1,p2,p3,p4 achieving any (1(X 1 Y,),I(X 1 Yz)) dominated by 
(CI, 1  - a). Thus we have the set I of achievable (Z(X I Y1), 
1(X 1 Y,)) pairs depicted in Fig. 12. 

In Section VIII it will be shown that this region of jointly 
achievable (Z(X I Y&1(X ( Y,)) pairs is an upper bound on 
the capacity region. However, we can trivially achieve any 
pair of rates (R, .R,j on the unner boundarv of 9  bv simolv 
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0 

Fig. 12. Capacity region for incompatible channels.  

time-sharing the two noiseless channels x E { 1,2} + Yr and 
x E {3,4} + Yz. If x E {1,2} is used a proportion CI of the 
time, then rates R, = c( and R2 = E = 1 - a  may be 
achieved without any additional coding. Thus the upper 
bound can be achieved with trivial coding procedures, and 
Fig. 12 therefore corresponds to the capacity region. 

Here, then, is an example in which the two channels are 
so incompatible that one can do no better than time sharing 
-i.e., using one channel efficiently part of the time and the 
other channel the remainder. Fortunately, for those wishing 
to get something for nothing, this is the exception rather 
than the rule. 

VI. THE BOTTLENECK CHANNEL 

Consider the broadcast channel in which the two channels 
have the same structure, i.e., 

Pl(Y1 I4 = PAY2 Ix>, vx E x  bw2 E YI = y2 = y  
as shown in Fig. 13. We  shall term this the bottleneck 
channel. 

Here, we note that any code for receiver Y, is also a code 
with the same error properties for receiver Yz. Thus Y1 and 
Y, both perceive correctly the transmitted sequence x with 
low probability of error. 

Let the capacity of channel P be denoted by C, = C2 = C 
bits per transmission. Now, since both receivers receive the 
same information about X, it follows that both receivers 1 
and 2 will be able to correctly recover r, s1 and s2 if and only 
if (R,,R2,R,,) is an achievable rate. Counting the number 
of messages per unit time necessary to transmit (r,sl,sz) 
correctly yields the following proposition [see comment 
following (14)]. 

Proposition: (R,,R,,R12) is an achievable rate for the 
broadcast bottleneck channel of capacity C if and only if 

R, + R2 - R,, 5  C 

O<R,<C 

O<R,<C 

0 I RI2 I C. (22) 

As an important application of these ideas, suppose that 
we wish to send a random process U = {U,,: n  = 1,2, * * . } 
to receiver 1 and a random process I’ = {V,,: n  = 1,2, * * * } 

RI 
C 

C 

P e YI 

X 

P Y2 

Fig. 13. The  bott leneck channel.  

/- R,*=C, R,=R2=C 

C RI 

Fig. 14. Achievable rates for bott leneck channel.  

to receiver 2 through the bottleneck channel P with 
arbitrarily small probability of error. (See Fig. 15). 

Assume that U = {U,} and V = {V,} are jointly ergodic 
processes taking values in finite alphabets. By jointly 
ergodic, we mean that the process Z, = (U,,,VJ is ergodic. 
We  recall that the definition of the entropy of an ergodic 
process {Z,,} is defined by 

H(Z) = lim n-1H(Z1,Z2,~ * *,Z,). (23) 
n-too 

We  assert the following. 
Fact: Asymptotically error free transmission of { U1,U2, 

.+.,U,} -+ {~1,~~,*~*,~,,} and {V,,V,;*-,V,} --) {p,,p,, 
* * * ,p,} over the bottleneck channel of capacity C can be 
accomplished if and only if 

H(U,V) < c. (24) 

Proof: The well-known idea of the encoding is to 
enumerate the 2”(H(“,Y)fE) s-typical sequences and send the 
index of the actually occurring sequence (zl,zg, * * . ,z,) over 
the channel. If H(U, V) + E < C, then this index will be 
correctly transmitted with probability of error .s/2 for 
sufficiently large n. Since the probability that a  random 
cwz, ’ - * ,z,) will be typical can be made 2 1 - s/2 for 
sufficiently large IZ, the overall probability of error can be 
made less than E. The converse follows the standard argu- 
ment for a  single channel. 

The generalization of this result to arbitrary broadcast 
channels is unknown. 

Let us now compare the orthogonal channel with the 
bottleneck channel. The orthogonal channel of Section IV 
achieves (R,,R,) = (1,l) with arbitrary joint rate 0 I 
RI2 I 1. Thus fully independent messages (R,, = 0) or 
maximally dependent messages (R,, = 1) can be sent 
simultaneously to receivers 1 and 2. 

At the other extreme, in the case of the bottleneck channel 
with capacity C = 1, we can simultaneously achieve R, = 1, 
R, = 1. Here however, it may be seen that achieving 
(R,,R,) = (1,l) implies RI2 = 1. Thus the messages sent 
to 1 and 2 must be maximally dependent, and in fact equal. 
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Fig. 15. Sending two random processes over the same channel.  

Z,, - NIO, N,) 

,-A-- YI” 

I 
=2n  - NIO, Np) 

Fig. 16. Gaussian broadcast  channel.  

RZ 
t 

tl- C2 Cl RI 
Fig. 17. Time sharing rates for the Gaussian broadcast  channel.  

VII. GAUSSIAN CHANNELS 

Consider the time-discrete Gaussian broadcast channel 
with two receivers depicted in Fig. 16. 

Let z1 = (z11,z12,~ - *,zln, + * *) be a sequence of inde- 
pendently identically distributed (i.i.d.) normal random 
variables (RV) with mean zero and variance N,, and let 
22 = (z21J22,*.*,zZn,** 0) be i.i.d. normal RV with mean 
zero and variance N,. Let N, < N2. At the ith transmission 
the real number Xi is sent and yli = xi + z1 i, y2i = x1 + Z2i 
are received. In our analysis it is irrelevant whether zli and 
Z2i are correlated or not (although in the feedback case it 
may make a difference). Let there be a power constraint on 
the transmitted power, given for any n by 

(25) 

for any signal x = (x1,x2,. . *,x,) of block length 12. 
It is well known that the individual capacities are 

C1 = 4 log (1 + S/N,) and C, = & log (1 + S/N,) bits/ 
transmission, where all logarithms are to the base 2. 

Time sharing will achieve any convex combination of 
(C,,C,) and (C,,O), as shown in Fig. 17. 

Now let us see how we can improve on this performance. 
Think of the signal s2 (intended for the high noise receiver 
Y2) as a sequence of i.i.d. N(O,BS) RV. Superimposed on 
this sequence will be a sequence s1 that may be considered 

Z,-N(O,N,I 

S,- N(O,QS) 

Yt 

S-N(O,S) 

Z2” N(O, Np) 

Fig. 18. Decomposit ion of the signal. 

as a sequence of i.i.d. N(O,c&) RV. Here 0 I 01 5 1 and 
E = 1 - ~1. Thus the sequence s = s1 + s2 will be a 
sequence of i.i.d. N(O,S) RV. The received sequences 
Yl = s1 + s2 + z1 and yZ = s1 + s2 + z2 are depicted 
in Fig. 18. 

Now s1 and z2 are considered to be noise by receiver 2. 
We  see that Sli + Z2i are i.i.d. N(0, ~5’ + N2) RV. There- 
fore, messages may be sent at rates less than 

;1og 
( 

1  -I- 
63 

MS + N2 > 
P C,M 

to receiver Y2 with probability of error near zero for 
sufficiently large block length n. That is, there exists a 
sequence of (2”(c2(“)-“) ,n) codes with average power con- 
straint &S and probability of error p2(“)(e) + 0. 

Now, since N, < N2, receiver Y, may also correctly 
determine the transmitted sequence s2 with arbitrarily low 
probability of error. Upon decoding of s2, given yl, 
receiver Y1 then subtracts s2 from yl, yielding j1 = 
Yl - s2 = s1 + Zl. At this stage channel 1  may be 
considered to be a Gaussian channel with input power 
constraint crS and additive zero mean Gaussian noise with 
variance N, . The capacity of this channel is 3  log [l -I- 
(c&/N,)] = c,(a) bits/transmission and is achieved, 
roughly speaking, by choosing 2nE1(‘) independent n- 
sequences of i.i.d. N(O,aS) RV as the code set for the 
possible sequences si. Thus receiver Y1 correctly receives 
both s1 and s2. 

This informal argument indicates 

R,=;log l+ 
( 

ZS 
1 

+ 
MS + N2 

R2 = ; log 1 + 
ES 

MS + N2 

that rates 

(26) 

may simultaneously be s-achieved, for any 0 < a I 1. 
These rate pairs, shown in Fig. 19, dominate the time- 
sharing rates. 
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Fie. 19. Set of achievable rates for the Gaussian broadcast 

Summarizing the argument, we select a set of 2”(C2(‘)-E) 
random n-sequences of i.i.d. N(O,crS) RV, and a set of 
2”‘“““‘-“’ random n-sequences of i.i.d. N(O,ES) RV. Now 
2n(C1(a)+c2(a)-2c) n-sequences are formed by adding together 
pairs of sequences, in which the first sequence is chosen 
from the first set and the second sequence is chosen from 
the second set, and the pairs are chosen in all possible ways. 
A message 

(r,sl), r E {1,2; 9 *,2”(C2(‘)-E)}, s1 o {1,2;. .,2n(E1(a)-E)) 

is transmitted by selecting the n-sequence corresponding to 
the sum of the rth sequence in the first set and the s,th 
sequence in the second set. Receiver 1 is intended to decode 
(r,sl) correctly and receiver 2 is intended 
correctly, thus simultaneously achieving rates 

R, = e,(u) + C,(x) - 2.5 

R, = C,(u) - E 

as given in (26). 

to decode r 

(27) 

A full discussion of the Gaussian channel would lead far 
afield. A direct simple proof of the achievability of the rates 
given in (27) has been found but will not be presented here. 

We shall conclude this section with one observation. If 
N, = 0, and channel 1 is therefore perfect, we have Cr = cc 
and C2 = 3 log (1 + S/N,). A compound channel or 
maximin approach would have us send at rates (R,,R2) = 
(C,,C,). However, an arbitrarily small decrement in the rate 
for channel 2, corresponding to 0 < tl << 1 in (26), yields 
(R,,R,) = (co, C2 - E) as a pair of achievable rates. 
Although this rate pair does not dominate (C,,C,), it seems 
vastly preferable. 

VIII. AN UPPER BOUND ON ACHIEVABLE RATES (R,,R,) 

Suppose that p(x), a probability distribution on X, 
generates the pair of mutual informations (Z(X 1 Y,), 
Z(X ) Y,)), where, for i = 1,2, 

(28) 

Given the intuitive properties of mutual information, it is 
natural to assume that rates R, = Z(X 1 Yl), R, = Z(X I Y2) 
are therefore simultaneously achievable. This turns out not 
to be the case. (Close inspection of the example of two BSC 
in Section II, with Pr {x = 1 } = 3 and Z(X ( Y,) = 1, 
Z(X 1 Y,) = C2, will yield a counterexample.) However, the 

ICXIY,, 

L 

I 

0 IIXIY,) 0 0 

(a) (b) (Cl 

Fig. 20. Upper bound g on capacity region. 

set of jointly achievable mutual-information pairs, properly 
modified to take into account the possibility of time-sharing 
and throwing information away, does yield an upper bound 
%  on the capacity region %*. This upper bound is actually 
achieved by the orthogonal-channel, switch-to-talk-channel, 
and incompatible-channel examples. 

Thus we proceed to define %  and establish %  as an upper 
bound. Let 

z = w @ - I YIh zw I Y2N I P(X) 2 0, D(x) = I> (2% 

denote the set of all pairs (Z(X I Y,),Z(X [ Y,)) generated by 
p(x) as p( *) ranges over the simplex of possible probability 
distributions on X. Define I to be the convex hull of I. 
Thus 1 may be interpreted as the average joint mutual 
information achievable by varying p(a) with time. Let 

!IJ = WW2) E  E, I R, 5 I,, R, 5 12, 

for some (Z1,Z2) E I}. (30) 

Thus %  intuitively corresponds to the joint mutual infor- 
mation achievable from I by throwing information away. 
These sets are depicted in Fig. 20. We now show %* c ‘%. 

Lemma 1: Given an arbitrary ((M,,M,,M,,);n) code for 
the nth extension of a broadcast channel, consisting of 
words x(r,sI,s2) E X”, r E R, s1 E S,, s2 E S2, IRI = M I,, 
IS,I = M,, IS,1 = M,, A4 = M,,M,M,; let (r,s1,s2) be a 
random variable with range R x S, x S,. Let (y1,y2) E 
Y1” x Y2” be the corresponding random output n-sequences 
received by 1 and 2, generated by sending x(r,s1,s2) over the 
channel. If pr(e) = Pr {(3,,3,) # (rIpI)} and p,(e) = 
Pr ((P,,$,) # (r1,s2)} are the receiver probabilities of error 
of the code, then, 

H(X I Y,) I 1 + log M2 + pi(e) log M,,M, (31) 

H(X I Y,) I 1 + log M, + p2(e) log M,&Z,. (32) 

Proof: Let the decoding rules corresponding to the 
code be 

gl: Yin + R x S, 

g2: Y,“-+ R x S2 (33) 
written 

gk(Yk) = (gkl(Yk)4k2(YkN~ k = 1,2. 

Thus, given a random message (r,s1,s2) and sequence 
nk E Ykn, receiver k will make an error if and only if 

glh) + (r,sA k=l 

g2(y2) Z @ ,s2L k = 2. (34) 
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Thus 

pl(4 = Pr {gl(35) Z  @A)) 

zde) = Pr &72(h) Z  (r,s2)). (35) 

We  note that 

H(X I ~1) 5 Hh@ I YA 1 - pl(e I YIN 

+ (1 - Pl(e I Ye>) loi2 M2 + pl(e IYI) lois CM - MA 

(36) 

where we have used the inequality 

mwl,~ * * ,G) I 1023 m, (37) 

and a basic composition relation (see Ash [l, p. 81). We  
have, of course, conditioned on the events g,(y,) = (r,si) 
and g,(y,) #  (r,sl). Taking the expectation over Y,“, and 
using the convexity of H(p, 1  - p) in p, we have 

H(X I Yl> 5 H(pl(4 1 - pl(4> + (1 - zh(e)) log M2 

+ pl(e> 1% CM - MA (38) 

Finally, since H(p, 1 - p) I 1  and M  = M1&llMZ we 
have 

H(X I Y,) I 1  + log M, + pi(e) log (M - MJM, 

I 1  + log M, + PI(e) logM,,M,. (39) 

The corresponding argument for H(X 1 Y,) completes the 
proof. 

We  shall need the following lemma Ash [l ,p. 811. 
Lemma 2: Let Xi;.. ,X, be a sequence of input random 

variables to the (discrete memoryless) broadcast channel and 
Y 119’ * *,y1n,y21,* * -7 Y,, the corresponding received out- 
put random variables for 1  and 2, respectively. Then 

KX1; * ‘7X” I J-L,* * * Y&n> 5 i ICxi I Yki), k = 1,2, i=l 
with equality iff Ykl, Yk2, * . . , Ykn are independent. 

Proof: 

s - CPk(Wk) hzP,(Y, I 4, 
but, because the channel k is memoryless, pk(yk 1 x) factors 
into a product npk(y,i 1  xi), yielding 

ff(Y,,,* . *,r,, I x,9* * *A> 

= =ck Pdx9Y!J iz log Pd Yki I xi) 

= Jl H(Y,i I XJ* 

Also, by a basic inequality 

with equality iff Yki are independent for i = 1,2, * * *,n. 
Since Z(X 1 Y,J = H(Y,) - H(Y, 1 X), the lemma follows. 

We  now wish to show that p,(“)(e), &‘“‘(e) cannot 
simultaneously tend to zero for rates (R1,R2) $ %. This will 
establish %  as an upper bound on the capacity region for a  
broadcast channel. 

Let R, = l/n log M,M,, and R, = l/n log M&f,, be 
the rates of communication in bits/transmission for receivers 
Y, and Y,, respectively. (We recall that R,, = log M,, is 
the transmission rate for information common to both 
channels.) The proof closely resembles that used by Shannon 
[4] for the two-way channel. 

Theorem: For any sequence of [(2”R1,2nR2,2nR1z),n] codes, 
(R,,R,) #  !R implies that 

(Fl(“Ye),F2%9) -+ (W), (~1(“),~2(“9 %  !W, nft CO. 

Thus ‘%  is an upper bound on the capacity region for the 
broadcast channel. 

Proof: Given an arbitrary [(M,,M,,M,,),n] code for 
the nth extension of the broadcast channel, choose a code- 
word x(r,sl,sz) at random according to a uniform distribu- 
tion Pr {r,sl,sz} = l/M, (r,sl,sz} E R x S, x S,, where 
M  = 1 RI IS, 1 IS, I. If the codewords x(r,sI ,s,) E X” are not 
distinct, a  simple modification of the proof below will prove 
the theorem. Thus treating the case where the x(r,sl,sz) are 
distinct, we have H(X) = log A4 and Z(X I Y1) = log M  - 
H(X 1 Yi), under the given uniform distribution on the 
codewords. As in Section III, let p,‘“‘(e) and&(“‘(e) designate 
the probabilities of error of the code under this distribution. 
By Lemma 2, 

Thus 

ICx I yI) s i: ICxi I yIi>. (41) 
i=l 

Z(X I Yl) = log M  - H(X ( Y,) I i: I(Xi I Y,i). (42) 
i=l 

Finally, since (31) in Lemma 1 holds for any distribution 
on the codewords, substitution in (42) yields 

log M  - 1 - log M, - pi’“‘(e) log M,,M, 

5 i$l ICxi I yli>, (43) 

which becomes the basic inequality 

Rl p  1  log M ,,M , I (lb> + (lb ) cy=i ‘cxi 1 ‘ii> 
n 1 - jjl(“‘(e) 

Similarly, we find 
(444 

R, p 1 log M1,M, I (‘in> + (lb> c?=i Icxi 1 y2i) 

n 1 - j&(“)(e) 
(44b) 

Summarizing, an arbitrary code for the nth extension of 
a  broadcast channel must have rates (R1,R2) satisfying 
(44a) and (44b), where 

jSji’“‘(e) = i C Izi(r,s1,s2), 
r,sI& 

i = 1,2. (45) 

Now suppose (R1,R2) +! %, R, 2 0, R, 2 0 as in Fig. 21. 
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MINIMAX RATE 

OTHER ADMISSIBLE 
RATES 

t 
0 C2 C,‘I RI 

Fig, 22. Set of achievable rates for compound  channel.  
Fig. 21. Unachievable rate (RI,&). 

We shall show that p?)(e), i = 1,2 cannot simultaneously 
be small. 

By the convexity of !R and Z  G ‘%, we have 

( f jl Z(X I yli)9 i jl Icx I y2i)) ’ ‘3 

for all p(x). Consequently, as illustrated in Fig. 21, either 

i i$,l 1(X I YlJ < Rl(l - 6) (464 
or 

t i$l Z(x I Yd < R,(l - S>, (46b) 

where 6 > 0 is any nonnegative real number such that 
(1 - 4VWM $ ‘8. 

But (44) implies for i = 1,2 that 

p.(“)(e) 2 1 _ ’ I (47) (lln> CJ=l Icx I rij) . 
nRi Ri 

The second term on the right-hand side of (47) tends to 
zero with n, but the third term must be less than (1 - S) for 
either i = 1 or i = 2, or both. Thus 

lim max {j,(“)(e),Z!,(“)(e)} 2  6 > 0, (48) “-+rn 

and therefore p1 (“j(e), &‘“‘(e) may not simultaneously be 
near zero. Also, since the probability of error Ai of the 
worst codeword for each channel obeys &(“) 2 p.‘“‘(e), 
i = 1, 2, we conclude that if (R1,R2) $ %, then there ‘exists 
no sequence of ((2”R1,2”R2,2”R12),n) codes for a  broadcast 
channel such that (,li(“),&(“)) -+ (0,O). 

IX. ANAPPROACHTOCOMPOUND CHANNELS 

Let P,(y 1 x), /I E B be a perhaps infinite collection of 
channel transmission functions. An index b will be chosen 
by nature and a sequence of n  transmissions x1,x2, * . *,x. 
will be sent to the receiver over the discrete memoryless 
channel P,& 1 x). The index /I is unknown to the sender but 
may, without loss of generality, be assumed known to the - 
receiver. (Simply sending Jn prearranged symbols in n 
transmissions will allow the receiver to determine /I with 
arbitrarily low probability of error, for finite b, without 
affecting the achievable rate R.) Wolfowitz [2] and Black- 

well et al. [5] have defined the capacity C of the compound 
channel to be 

c = Lximln = sup inf Z,(X 1 Y). (49) 
P(X) B 

This rate C is achieved for finite b by designing the code 
for the channel p* such that 

C = max Z&X 1 Y). 
P(X) 

The maximin rate C is then achieved independently of the 
fi chosen by nature. 

Now consider a communication link in which it is 
unknown whether the link is a perfect binary symmetric 
channel or a  binary symmetric channel of parameter p. 
Thus the channel descriptions P,(y I x), p  = 1,2, are given 
by 

P, = [:, ;I P, = [; ;] . (51) 

For this compound channel we find 

C = 1 - H(p). (52) 

The point of view of this paper suggests instead that we 
determine the set !R* of all achievable rate pairs (R1,R2) for 
the two given channels. See Fig. 22. This yields the entire 
spectrum of achievable rates under the different contin- 
gencies selected by nature. 

Thus, for example, if it is known that 

Pr {/I = l} = 7rl = 1 - Pr {b = 2}, 

then we may find the maximum expected rate 

Nd = max (n,R, + n,R,). 
(RI,Rz)ER* 

(53) 

(54) 

The interpretation is that by using the superimposed 
codes of Section II we can achieve average rates 

R(d = oyl [C(G + Q-9 + n,fWl, (55) 

corresponding to points on the boundary of %*. These 
average rates are strictly greater than average rates achiev- 
able by time sharing (except for the degenerate prior 
111 = 0 or 1). Finally, a  submessage of rate C(crp + Ep) is 
sure to be received, regardless of which channel is the true 
state of nature. 

These considerations suggest that the compound channels 
problem can be reinvestigated from this broadcasting point 
of view by interpreting the probability distribution on the 
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APPENDIX 

In this section we prove the main result of Section II. Let C(p) =  
1  - H(p). 

O-----L- Cl RI 
Fig. 23. Bounds on  capacity region W*. 

Theorem: For the broadcast  channel  of Section II, with BSC with 
parameters p1  = 0  andp,  =  p, respectively, (RI,&) =  (C(@ + Ep) +  
H(a), C(@ + Ep)) is achievable for any  0  I a  5  1. 

Proof: Let Ml2 = 2”‘12, M, = 2”(R1-R~z) be  integers and  let 
Rz = RIZ, Mz = 2nR12.  Consider the following random code. Let 
x(r), rE R = {1,2,. .,M,,}, be  i.i.d. n -sequences in X” = {O,l)n, 
where x(r) is drawn according to a  uniform distribution on  X”. Let 

channel parameter p as a probability distribution on the OL < 4, ~(n be  an  integer, and  let z(s), s E S = {1,2,. .,Ml}, be  an  

receiver chosen in the multiple receiver broadcast channel 
enumerat ion of all the n-sequences z E {O,l)” such that 

formulation. Inspection of the capacity region %* would 
then yield all achievable probability distributions on rates 
for the compound channel. The most desirable distribution 
could then be picked. 

X. CONCLUSIONS 

As before, let the capacity region !R* be the set of all 
achievable joint rates (R,,R,) for a  given broadcast channel 
with two receivers. We  now know the following. There is a 
certain information-theoretically defined region ‘%  generated 
by (Z(X I Y,),Z(X I Y,)), given in Section VIII, which upper- 
bounds %*. Also, by simple time sharing there is an inner 
bound !RO, say, to %*, as shown in Fig. 23. 

Sometimes these bounds coincide, as they do for the 
incompatible channel. Here %  = %,, = ‘%*. In other 
examples, such as the orthogonal channel, in which the 
bounds do not coincide, there is a simple demonstration 
that the upper bound can be achieved and therefore that 
‘%  = %*. In many of the intermediate cases (for example, 
the two BSC of section II) we can be reasonably well 
assured that our ad hoc codes achieve %*, although proofs 
of converses appear to be difficult. 

The analysis of this problem is made worthwhile by the 
fact that it is almost always the case that proper coding will 
achieve rates ‘%* strictly greater than those achievable by 
simple time-sharing. 

The primary heuristic that we garner from these investiga- 
tions is that high joint rates of transmission are best achieved 
by superimposing high-rate and low-rate information rather 
than by using time-sharing. Novels written with many 
levels of symbolism provide just one example of a  mode of 
communication that may be perceived at many different 
levels by different people.’ 
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such sequences.  Define x(r,s) = x(r) 0  z(s), where the vector addit ion 
is termwise modulo 2. W ithout loss of generality let p  <  4. 

The  decoding ruleg, : Y,” -+ R x S for the nth extension for receiver 
1  will be  to choose the value of r^ E R, j E S such that y1  = x(P,$. 
W e  shall declare an  error if there is more than one  choice of (i,s^) such 
that this is true. (Since channel  1  is noiseless, the possibility that no  
such (F,,j) exists will not arise.) 

The  decoding rule gz: Y,” -+ R for channel  2  will decide the value 
of T^E R such that d(y,,x(F)) I n(ap + Ep) + m, for a  given E > 0, 
where d is the Hamming distance. An error for channel  2  will be  
declared if there are more than one  or if there are no  such values of 
in R. 

Let us  now pick a  message (r,s) with probability l/MIMI2 and  
evaluate the expected sum of the probabilit ies of error E{pl(e) +  &(e)} 
[see (9), (lo)] where the expectat ion is over the random code, drawn as 
described. 

Since channel  1  has  perfect transmission (i.e., y1  = x(r,s)), the only 
possibility of a  decoding error for channel  1  is if the (random) code 
itself has  assigned some other index (r’,s’) to the same n-sequence as  
(r,s). 

By the symmetry of the code generat ion process, we may fix attention 
on  the transmission of x(1,1). Thus 

EDI = Pr{x(r,s) =  x(1,1), for some (r,s) # (l,l)}, (57) 

where the probability is def ined over the random code assignment. 
Now x(1,1) =  ~(1,s) implies z(1) =  z(s), which is impossible for 

any  s #  1, by  the construction of z(s). Thus the only possibility of 
error is x(1,1) =  x(r,s), r f 1, s E S. But r #  1  implies x(r,s) and  
x(1,1) are independent  uniformly distributed n-sequences over {O,l}“. 
Thus, for r # I, 

Pr{x(l,l) =  x(r,s)} =  2-“. (58) 

Putting this together with the union of events inequality yields 

EBl(e) 5  1  Pr{x(l,l) =  x(r,s)} 
(r.s)+(I,l) 

(5% 

I wish to thank D. Sagalowicz and C. Keilers for many ( MIMI2 2-” = 2-““-R1’ -+ 0, RI < 1. 
helpful discussions of the ideas presented in this paper. 
D. Sagalowicz has helped improve the proof of the upper 

Thus E{Pl(e)} -+ 0, as  n  +  co, if RI < 1, where the construction 
implies 

bound and C. Keilers has helped with some of the examples. 
I have also benefited from discussions with P. Bergmans and 

RI - Rlz g (log MJn = H(a) - O(ln n/n). (60) 

A. D. Wyner. Now consider channel  2. Let e  =  (el,ez, . ,e,) be  a  binary n  vector 
of i.i.d. Bernoulli RV with parameter p. Thus we can write y, =  
x(r,s) 0  e  and  

’ I am soliciting double- and  +riple-meaning quotes that illustrate yz = x(r) 0  z(s) 0  e. (61) 
this idea. Consider, for example, the reaction of three different people 
to the following donated story. Buck and  Harry led a  beautiful maiden A decoding error can  be  made  in one  of two ways. El : the true r = 1  
into the clearing by  a  rope tied around her ankle. “Let’s make her fast,” does  not satisfy 
said Buck, “while we have  breakfast.” The  anonymity of the authors 
will be  protected. d(y,,x(l)) 2  n(@ + Ep) + m, (62) 
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and E,: there exists an index Y # 1, r E R, such that 

d(y,,x(r) I n(aij + &p) + m. 
Thus 

Eb%@)l I PrLW + JW-W, (63) 

where here the probability is understood to range over the random 
choice of code as well as the selection of (r,s). From (61), 

Pr{E,] = Pr{d(y,,r(l)) > n(@ + Crp + E)} 

1 5 z(s)~ @  e, > c@ + Gcp + E  . 
1 

(64) il i=l 

We find the expected value (over e and s) 

; ,$* z(sh 0 et = 1 $J Pr{(z(sh,eJ = U,O) or (O,l)l 
I ?I i=l 

= ; i$I (aj + L?p) = aj + Ep. (65) 

Also, after some calculation 

var L 5 z(sL 0 e, 5 E . 
n i=l n (66) 

It follows that d(y,x(r)) -+ c@ + 2p in probability and therefore 
Pr{E,} + 0 as n + co. 

We are left with the evaluation of Pr{E*}. We write 

Pr{E,} 5 Pr{d(x(r)& I n(aj + 6p + E), 

for some r # 1 Ix(l) transmitted} 

5 2nRr* Pr{d(x(2)& 5 n(@ + &p + E)}. (67) 

But 

d(XW,Y,) = wt(x(2) 0 x(1) 0 z(s) 0 e), (68) 
where it denotes the number of l’s in the binary n-tuple, and x(2) 
and x(l) are independent Bernoulli n-sequences with parameter +. 
Thus, for any E > 0, 

Pr{E2} 5 2 nR122”(H(.p+Pp)+O(lnn,n)+s,,2-n (69) 

where 2n(H(olii+Pl)+o(*nn’n)+c’) denotes the number of points 

in the decoding sphere centered at y2. Consequently, if 
, RI2 < 1 - H(aj + up) - E, (70) 

then Pr{E,} + 0, as 12 -+ co. Collecting the constraints of (60) and 
(70), we see that if 

R2 = RI2 < 1 - H(ap + ccp) 

RI < H(a) + RZ = 1 - H(ap + Ep) + H(a), 

(71) 

then 

E{Bl(“)(e) + jjz(“‘(e)} = E{jl(“)(e)} + E{&(“)(e)} + 0. (72) 

Since the best code behaves better than the average, there must exist a 
sequence of [(2nRr,2”R~,2”R12), n] codes for n = 1,2,. . . , with 

RI = C(aj + ~?p) + H(a) - E  

Rz = C(aj + c7p) - E  
such that 

&(“)(e) + j&(“)(e) -+ 0, 

and thus jl(“)(e) + 0, bz(“)(e) + 0. 
Taking the limit of (R1,R2) as E -+ 0 proves the theorem. 

(73) 

(74) 
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An Algorithm  for Computing the Capacity of 
Arbitrary Discrete Memoryless Channels 

SUGURU ARIMOTO 

Abstract-A systematic and iterative method of computing the capacity circumstances, it is exponentially decreasing. Finally, a few inequalities 
of arbitrary discrete memoryless channels is presented. The algorithm is that give upper and lower hounds on the capacity are derived. 
very simple and involves only logarithms and exponentials in addition to 
elementary arithmetical operations. It has also the property of mono- I. INTRODUCTION 
tonic convergence to the capacity. In general, the approximation error is 
at least inversely proportional to the number of iterations; in certain I T IS well known that the capacity of discrete memoryless 

channels that are symmetric from the input can easily 
be evaluated. Muroga [l] developed a method for straight- 
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University, Osaka, Japan. usefulness is restricted to the case where 1) the channel 


