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In this paper, we introduce a new four-ary run-length-limited ðd; kÞ ¼ ð2; 12Þ code for multilevel optical recording channels.
This code has a simple one-codeword look-ahead encoder and a sliding block decoder. The code rate is 4/5 (bits/symbol), and
the density ratio is 2.4 bits/Tmin, which is larger than that of binary codes used for typical optical recording systems. The
encoding and decoding rules of the proposed code are simple and easy for implementation. With the bit error rate (BER)
performance evaluation, this code shows feasible to be applied in high-density multilevel optical storage systems.
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1. Introduction

Traditional optical disc systems use binary signaling in
conjunction with run-length-limited (RLL) codes. This
method is essentially pulse width modulation (PWM), where
information is encoded in the length of the recorded marks
on the disc and the spacing between them. In order to
increase the recording density without altering the optical or
mechanical parameters, we must encode more information in
the pulse widths. This is very difficult because of the
inherent jitter limitations. However, multilevel optical
recording can record nonbinary signals, and increase the
storage capacity of 2–3 times that of binary recording.1)

Various multilevel optical recording schemes have been
developed, such as the multilevel (ML) amplitude modu-
lation system employing M ¼ 8 signal levels on compact
disc recordable/rewritable (CD-R/RW) discs.2,3) In the ML
system, multilevel marks with different sizes are formed
within a fixed mark length of 0.6 mm, and a trellis-coded
modulation (TCM) is used to achieve density of 2.5 bits/
0.6 mm. However, large number of amplitude levels are
required to do this, and the decoding process has high
complexity. Therefore, active studies have been focused on
multilevel RLL modulation and M-ary RLL codes.

Multilevel RLL modulation recording combines the
conventional RLL codes with multilevel signaling, then
information is carried in both the signal amplitude and the
length of recorded marks. Compared with the above ML
system, the advantage of multilevel RLL modulation is that
fewer amplitude levels are required to achieve the same
density increase. Recording of three-level RLL modulation
signals on CD/digital versatile disc (DVD) rewritable discs
has already been reported.4–6) Recently, four-level RLL
recording on optical disc with photochromic diarylethene
media has also been realized.7)

Constrained codes used in multilevel RLL modulation
systems are the M-ary RLL codes, which have at least d and
at most k zeros between any two nonzero symbols.8,9) A lot
of M-ary RLL codes have been constructed via state-
splitting algorithm.10–12) However, most of these codes are
designed with M > 4, which exceed the practical require-
ments of current multilevel RLL modulation systems.

In this paper, we introduce a new M ¼ 4 RLL ð2; 12Þ code

for multilevel optical recording channels, especially for the
four-level RLL modulation on photochromic optical disc.
The code has a simple one-codeword look-ahead encoder
and a sliding block decoder. The code rate is 4/5 (bits/
symbol) and the density ratio is high of 2.4 bits/Tmin. In
addition, the BER performance of the proposed code is
evaluated on a typical channel model, and the simulation
result shows this code is applicable for partial response
maximum likelihood (PRML) detection scheme.

Section 2 describes the construction ofM ¼ 4 RLL ð2; 12Þ
code with one basic encoding table and two substitution
rules. In §3, we explain the encoding and decoding
procedures, and the characteristics of the proposed
code are discussed in §4. Finally, we give the conclusions
in §5.

2. M ¼ 4 RLL ð2; 12Þ Code Construction

An M-ary RLL ðd; kÞ code is characterized by parameters
M, ðd þ 1Þ and ðk þ 1Þ, which respectively specifies the
available amplitude levels, the minimum and maximum run-
lengths. As in binary RLL ðd; kÞ codes, the parameter d is
used to reduce the inter-symbol interference (ISI), and k is
used for timing recovery. The capacity of an M-ary RLL
ðd; kÞ code, denoted by CðM; d; kÞ, is an upper bound to all
achievable code rates, and is defined as

CðM; d; kÞ ¼ log2 � (bits/symbol) ð2:1Þ

where � is the largest real root of the characteristic equation

zkþ2 � zkþ1 � ðM � 1Þzk�dþ1 þM � 1 ¼ 0 ð2:2Þ

On the average, an M-ary RLL ðd; kÞ code translates m

binary user bits (source words) into n channel symbols
(codewords), and the code rate is R ¼ m=n (bits/symbol).
The code efficiency of an M-ary RLL ðd; kÞ code is defined
by

� ¼ R=CðM; d; kÞ ð2:3Þ

Considering the practical system requirements, we choose
the ðd; kÞ ¼ ð2; 12Þ for M ¼ 4 RLL modulation optical
recording channels. The capacity of this code is
Cð4; 2; 12Þ ¼ 0:8978. Thus we can select a code rate of
R ¼ 4=5 < 0:8978, and the efficiency of the code is
� ¼ R=Cð4; 2; 12Þ ¼ 89:1%. The M ¼ 4 RLL ð2; 12Þ code
is constructed via the look-ahead coding method.
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2.1 Basic encoding table
Since the bit-length of source words is four, we need at

least 24 ¼ 16 codewords for code mapping. Table I is the
basic encoding table of the M ¼ 4 RLL ð2; 12Þ code. The Ij
denotes the jth source word, and the Cj denotes the jth
codeword, where 0 � j � 15. All codewords end with at
least one zero, and satisfy the M ¼ 4 RLL ð2; 12Þ constraint.
In Table I, codewords are allotted to source words in an
arbitrary fashion, and other assignments may be chosen
instead.

From Table I, we can see the d ¼ 2 and k ¼ 12

constraints are violated when some consecutive codewords
occur. For example, the d ¼ 2 constraint is violated when
codeword C2 is followed by C10 (i.e., ‘‘00020.10000’’). On
the other hand, the k ¼ 12 constraint is violated when the
source words contain a long sequence of successive zeros.
Therefore substitution rules are respectively required to
satisfy the d ¼ 2 and k ¼ 12 constraints when codewords are
concatenated.

2.2 Substitution rules
Firstly we consider the violation of d ¼ 2 constraint. Let

P and S be two consecutive codewords, among which P ¼
ðp0; p1; . . . ; p4Þ is the first one and S ¼ ðs0; s1; . . . ; s4Þ is the
second one. The d ¼ 2 constraint is violated when the
combination ðp3; p4; s0Þ is ðx; 0; xÞ, where x denotes a
nonzero symbol. Namely, the violation of d ¼ 2 constraint
occurs when P is one of ðC1;C2;C3;C13;C14;C15Þ, and S is
one of ðC10;C11; . . . ;C15Þ. It’s easy to find the total number
of these ðP; SÞ combinations is 36.

Table II is the substitution rule I used to eliminate the
violations of the d ¼ 2 constraint. In the substitution rule I,
the N and M are two consecutive source words, and they
should be mapped onto new codewords combination ðP; SÞ
together. These new codewords combinations can be freely
cascaded without violating the d ¼ 2 constraint, since all of
them are selected to end with two zeros. In the encoding
process using the substitution rule I, only one codeword is
required for look-ahead. This means the current output of the
encoder is decided by both the current and the next source
words.

On the other hand, there are two kinds of violations of
k ¼ 12 constraint. When three consecutive codewords of C0

(i.e., ‘‘00000’’) occur, the total number of successive zeros in
codewords sequence is 15 and the k ¼ 12 constraint is
violated. Otherwise, the k ¼ 12 constraint is violated when
three consecutive codewords is ðx0000:00000:0000xÞ, where
x denotes a nonzero symbol.

Table III is the substitution rule II used to eliminate the
violations of the k ¼ 12 constraint. In the substitution rule II,
the current source word N is mapped onto a new codeword P
when N is one of ðI0; I10; I11; I12Þ followed by source word I0.
Compared with the corresponding codeword for source word
N in the basic encoding table, the bit p4 of the new
codeword P becomes ‘1’ and the other bits remain
unchanged. It should be noted that the codeword S is not
generated in the substitution rule II.

3. Encoding and Decoding Procedures

The encoding procedure of the M ¼ 4 RLL ð2; 12Þ code is
confirmed on the basis of the basic encoding table and
substitution rules. Two input buffers are required for
successive source words N and M. The current input buffer
is named R1 and the next input buffer is named R2. At each
system clock, new source word is shifted to buffer R2 and the
old source word in buffer R2 is shifted to buffer R1. After
new source word has been received in R2, the output
codeword is generated for the current source word in R1. The
encoding process is summarized as in the following steps:
Step I: If the source words in the input buffers are one of

the ðN;MÞ combinations in Table II, then
Step Ia: generate new P using Table II as output codeword

for current clock
Step Ib: shift the data in R2 to R1, and shift new data to R2

when the clock of the encoder is triggered

Table I. Basic encoding table of the M ¼ 4 RLL ð2; 12Þ code.

Source words Codewords Source words Codewords

I0 0000 C0 00000 I8 1000 C8 02000

I1 0001 C1 00010 I9 1001 C9 03000

I2 0010 C2 00020 I10 1010 C10 10000

I3 0011 C3 00030 I11 1011 C11 20000

I4 0100 C4 00100 I12 1100 C12 30000

I5 0101 C5 00200 I13 1101 C13 10010

I6 0110 C6 00300 I14 1110 C14 10020

I7 0111 C7 01000 I15 1111 C15 10030

Table II. Substitution rule I.

Source words New codewords Source words New codewords

N M P S N M P S

I1 I10 00001 00100 I13 I10 02001 00100

I1 I11 00001 00200 I13 I11 02001 00200

I1 I12 00001 00300 I13 I12 02001 00300

I1 I13 00002 00100 I13 I13 02002 00100

I1 I14 00002 00200 I13 I14 02002 00200

I1 I15 00002 00300 I13 I15 02002 00300

I2 I10 00003 00100 I14 I10 02003 00100

I2 I11 00003 00200 I14 I11 02003 00200

I2 I12 00003 00300 I14 I12 02003 00300

I2 I13 01001 00100 I14 I13 03001 00100

I2 I14 01001 00200 I14 I14 03001 00200

I2 I15 01001 00300 I14 I15 03001 00300

I3 I10 01002 00100 I15 I10 03002 00100

I3 I11 01002 00200 I15 I11 03002 00200

I3 I12 01002 00300 I15 I12 03002 00300

I3 I13 01003 00100 I15 I13 03003 00100

I3 I14 01003 00200 I15 I14 03003 00200

I3 I15 01003 00300 I15 I15 03003 00300

Table III. Substitution rule II.

Source words New codewords

N M P S

I0 I0 00001 —

I10 I0 10001 —

I11 I0 20001 —

I12 I0 30001 —
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Step Ic: generate new S using table Table II as output
codeword for current clock

Step Id: shift the data in R2 to R1, and shift new data to R2

when the clock of the encoder is triggered
Step Ie: go to Step I
Step II: else if the source words in the input buffers are one

of the ðN;MÞ combinations in Table III, then
Step IIa: generate new P using Table III as output code-

word for current clock
Step IIb: shift the data in R2 to R1, and shift new data to R2

when the clock of the encoder is triggered
Step IIc: go to Step I
Step III: else
Step IIIa: generate new P using Table I as output code-

word for current clock
Step IIIb: shift the data in R2 to R1, and shift new data to R2

when the clock of the encoder is triggered
Step IIIc: go to Step I
The decoding process is alike with the encoding proce-

dure. The decoder has a sliding block window of two
codewords, which means a codeword is decoded as a
function of the current and the next codewords. So the
maximum error propagation of input data is limited to eight
bits.

4. Characteristics of M ¼ 4 RLL ð2; 12Þ Code

Let Tmin be the length of minimum recorded mark on the
multilevel optical disc, the density ratio ðDÞ of an M-ary
RLL code is defined as

D ¼
ð1þ dÞR
Tmin

(bits/Tmin) ð4:1Þ

For the M ¼ 4 RLL ð2; 12Þ code, the density ratio is D ¼
ð1þ 2Þ5=4 ¼ 2:4 bits/Tmin, which means the recording
density can be increased 1.8 times that of a ð1; 7Þ code used
in binary optical recording. Table IV illustrates a compar-
ison of several typical M-ary RLL codes and the proposed
code. The well-known binary RLL ð1; 7Þ code and EFMPlus
code are also included.

It can be seen that the density ratio of the proposed code is
much higher than that of all the other codes in Table IV.
However, the proposed code is inferior to the others in terms
of the efficiency. Since the efficiency of the M ¼ 4 RLL
ð2; 12Þ code is � ¼ 89:1%, we can gain 10.9% in rate at most
by an alternative more efficient code redesign. For example,
an M ¼ 4 RLL ð2; 12Þ code with rate 8/9 may be
constructed with increased complexity. Then the code
efficiency can be improved to be 99%, and the density ratio
is high of 2.67 bits/Tmin.

Figure 1 shows the recording process of the M ¼ 4 RLL
ð2; 12Þ modulation signals on optical disc. At first, binary
source data sequence fxig is encoded to four-ary ð2; 12Þ
constrained sequence fyig. Then the fyig is mapped onto
non-return-to-zero (NRZ) sequence fzig by the M-ary
precoder, which is defined as

zi ¼ yi � zi�1 (modMÞ ð4:2Þ

The channel sequence fzig is used to generate multilevel
modulation signals, which will be recoded in the optical disc
in the end. In order to suppress the low-frequency compo-
nents of the recorded signals, we can insert DC-control
symbols at the source or channel data level. The redundant
symbols are chosen to minimize the running digital sum
(RDS) of the precoded NRZ sequence. At the receiver site,
the added redundant symbols, either on source or channel
level, can easily be skipped by the decoder.

In order to evaluate the BER performance of this M ¼ 4

RLL ð2; 12Þ code, we use the typical optical recording
channel model.13) The readout signals can be expressed as a
convolution of the channel sequence waveform cðtÞ with an
impulse response f ðtÞ. The impulse response is

f ðtÞ ¼
2

ST
ffiffiffi
�

p exp �
2t

ST

� �2
( )

ð4:3Þ

Thus the readout signals are given by

rðtÞ ¼ cðtÞ � f ðtÞ ð4:4Þ

Where S is the normalized information density. We choose
S ¼ 3:6 as the simulated multilevel RLL modulation record-
ing channel.

Since the multilevel recorded marks have more than two
physical states, the inter-symbol interference (ISI) is more
complex and heavy than that in conventional binary optical
recording channel. A PRML detector may be used to solve
this problem.14) General PR modes used in optical recording
channels are ð1þ DÞ, ð1þ 2Dþ D2Þ, ð1þ Dþ D2 þ D3Þ
and so on. It is found that the frequency response of PR
ð1þ Dþ D2 þ D3Þ matches the transfer function of the
multilevel recording channel. Thus we take the PR ð1þ
Dþ D2 þ D3Þ as the target mode, and use another PR ð1þ
DÞ mode for performance comparison.

Table IV. Comparison of several M-ary RLL codes.

M ðd; kÞ R ¼ m=n D
� ¼ R=C

(%)
Note

2 ð1; 7Þ 2/3 1.33 98.1 ð1; 7Þ code
2 ð2; 10Þ 8/16 1.5 92.3 EFMPlus code

3 ð2; 10Þ 12/17 2.1 93 See ref. 6

3 ð1; 3Þ 7/8 1.75 94.5 See ref. 9

4 ð1; 2Þ 1/1 2 93.4 See ref. 10

4 ð2; 12Þ 4/5 2.4 89.1 proposed code

Fig. 1. Recording process of multilevel modulation signals.
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Viterbi algorithm is adopted for the maximum likelihood
sequential estimation (MLSE) of the PR equalized channel.
Figure 2 shows the Viterbi detector trellis diagram of ð1þ
Dþ D2 þ D3Þ PR mode under the condition of four-level
RLL ð2; 12Þ constraint. There are 28 states in the trellis
diagram. Each line represents one branch connected between
two states, and the label attached on the branch represents
the input and output signals in the current state.

The BER to SNR curves for two PRML detectors are
plotted in Fig. 3. The performance of PR ð1þ Dþ D2 þ D3Þ
mode is acceptable since the 10�4 BER is obtained at a
practicable SNR of about 24 dB. On the contrast, the
performance of PR ð1þ DÞ mode is very poor. The results
show that the four-ary RLL ð2; 12Þ code is feasible for the
four-level RLL modulation recording channel if proper
PRML detection scheme is adopted. Although the PRML
detector is more complex than peak detector used in binary
RLL modulation recording channel, the recording density
can be increased significantly when the four-ary RLL ð2; 12Þ
code is applied.

5. Conclusions

A new four-ary RLL ð2; 12Þ code with rate of 4/5 (bits/
symbol) is introduced in this paper. The proposed code is
constructed with one basic encoding table and two sub-
stitution rules. Only one codeword is required for look-ahead
in the encoding process, and the maximum error propagation
of input data is eight bits during the decoding process. The

density ratio of this code is 2.4 bits/Tmin, which is higher
than that of typical binary codes and M-ary RLL codes with
M � 4. The encoder and decoder have simple structures, and
can be implemented with low hardware complexity. The
BER performance simulation results show that the proposed
code is applicable in high-density multilevel optical record-
ing systems.
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Fig. 2. Trellis diagram for ð1þ DþD2 þ D3Þ PR mode.
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