
IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 51, NO. 3, MARCH 2005 973
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Abstract—In this paper, we design capacity-approaching codes
for partial response channels. The codes are constructed as con-
catenations of inner trellis codes and outer low-density parity-
check (LDPC) codes. Unlike previous constructions of trellis
codes for partial response channels, we disregard any algebraic
properties (e.g., the minimum distance or the run-length limit)
in our design of the trellis code. Our design is purely proba-
bilistic in that we construct the inner trellis code to mimic the
transition probabilities of a Markov process that achieves a high
(capacity-approaching) information rate. Hence, we name it a
matched information rate (MIR) design. We provide a set of five
design rules for constructions of capacity-approaching MIR inner
trellis codes. We optimize the outer LDPC code using density
evolution tools specially modified to fit the superchannel consisting
of the inner MIR trellis code concatenated with the partial re-
sponse channel. Using this strategy, we design degree sequences
of irregular LDPC codes whose noise tolerance thresholds are
only fractions of a decibel away from the capacity. Examples of
code constructions are shown for channels both with and without
spectral nulls.

Index Terms—Channel capacity, concatenated codes, density
evolution, low-density parity-check (LDPC) codes, Markov ca-
pacity, Markov processes, partial response channel, superchannel,
trellis code.

I. INTRODUCTION

APARTIAL response channel is a channel with intersymbol
interference (ISI) whose inputs are constrained to a finite

alphabet. This paper exposes a methodology for constructing
codes that approach the capacity of such channels. Though the
methods presented here could apply to general partial response
channels (with arbitrary, but finite input alphabets and colored
noise), our main topic of interest in this paper are channels
whose input alphabets are binary, i.e, or , with
additive white Gaussian noise (AWGN).

The capacity of a power-constrained ISI channel whose input
alphabet is not constrained to be finite, can be computed by the
water-filling theorem [1], [2]. A partial response channel (with
ISI, binary input alphabet, and AWGN) can be represented as a
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finite-state machine. The definition of the channel capacity of
a partial response channel (or more precisely, a finite-state ma-
chine channel) can be found in [1, p. 109]. Often authors refer to
a different capacity, the i.u.d. capacity , which is defined
as the information rate when the partial response channel in-
puts are independent and uniformly distributed (i.u.d.) random
variables.

The computations of both the capacity and the i.u.d. ca-
pacity of a partial response channel have been subjects of
research for some time, resulting only very recently in arbitrarily
tight numeric lower and upper bounds. In [3], Goldsmith and
Varaiya formulate the information rate of a finite-state machine
channel (without ISI). This formulation has been generalized
to ISI channels by Sharma and Singh [4] who also computed a
lower bound on the channel capacity of partial response chan-
nels. A particularly elegant Monte Carlo method for computing
the information rate of a finite-state machine channel whose
inputs are Markov processes was proposed independently by
Arnold and Loeliger [5] and Pfister et al. [6]. This result can
be used to compute the i.u.d. capacity and lower bounds
on . In [7], Kavčić proposed a Markov process optimization
algorithm to tighten the lower bounds, and in [8], Vontobel and
Arnold proposed a method to exploit the tight lower bounds to
compute tight upper bounds. Another development worthy of
mention is the computation of the feedback capacities of partial
response channels by Yang and Kavčić [9], which is built on
Tatikonda’s formulation of the feedback capacity [10] of general
channels with memory. A summary of the latest results on the
computation of the channel capacities of partial response chan-
nels can be found in [11]. It should be noted that exact evalua-
tions of the channel capacities are not known, but the methods
summarized in [11] give bounds that are so tight that, for all
practical purposes, we consider the capacities of partial response
channels to be known.

Signal processing and coding for partial response channels
have histories that are longer and richer (in terms of literature
items) than the history of the channel capacity computation.
Here we only mention the contributions that are directly relevant
to this paper. In [12], Forney showed that the maximum-likeli-
hood sequence detector of symbol sequences transmitted over
partial response channels is the trellis-based Viterbi algorithm.
For a few special partial response channels (the dicode and the
class-4 channels), the maximum-likelihood sequence detector
was also formulated by Kobayashi [13]. Kobayashi’s detector
is essentially equivalent to Forney’s trellis-based Viterbi de-
tector. Another important development is the maximum a pos-
teriori symbol detector first formulated by Chang and Hancock
[14], but also known as the Baum–Welch algorithm [15]–[17] or
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the Bahl–Cocke–Jelinek–Raviv (BCJR) algorithm [18]. In [19],
Wiberg et al. showed that both the Viterbi and the BCJR algo-
rithms belong to the class of general min-sum and sum-product
algorithms, respectively. In [20], Li et al. demonstrated that both
the Viterbi and BCJR algorithms may be executed in a similar
fashion utilizing survivor memory paths. All these algorithms
may also be viewed as generalizations of the distributive law
defined on trellises [21]–[23].

Error-correction and modulation codes for partial response
channels are numerous and we will not attempt to classify them
all. For the purposes of this paper, we take a simplistic approach.
We classify the error-correction codes into pre-turbo codes and
post-turbo codes, where the boundary is marked by the invention
of turbo codes by Berrou et al. [24].

Pre-turbo error-correction codes for partial response chan-
nels were dominated by trellis codes. General design rules for
constructing trellis codes with large minimum Euclidean dis-
tances were formulated by Ungerboeck [25]. Trellis codes for
partial response channels can be found in articles by Wolf and
Ungerboeck [26], Calderbank et al. [27], and Immink [28]. In
these papers, the codes were constructed on trellises (typically
as cosets of convolutional codes) to achieve large minimum Eu-
clidean distances between the noiseless outputs of the consid-
ered partial response channels. A different strategy was used by
Karabed and Siegel [29] who proposed matched spectral null
(MSN) trellis codes. These are trellis codes whose binary code-
word sequences have nulls in specific frequency locations. MSN
codes proved very good for channels that have spectral nulls
(i.e., most magnetic and optical recording channels), where the
spectral null of the code should match the spectral null of the
channel.

The advent of turbo codes [24] has sparked research efforts to
construct iteratively decodable codes for partial response chan-
nels. A typical scenario is to use turbo equalization [30], which
means that the BCJR algorithm [18] is used to perform the max-
imum a posteriori symbol detection on the channel, while other
iterative decoding algorithms are used as constituent decoders in
iterative decoding schemes. MacKay’s rediscovery of low-den-
sity parity-check (LDPC) codes [31], which were originally in-
vented by Gallager [32], spurred research on many other itera-
tively decodable codes for partial response channels. Irregular
LDPC codes were introduced by Luby et al. [33], who also pro-
posed a method to analyze the asymptotic performance of these
codes over erasure channels when the block lengths approach

. The analysis was soon thereafter expanded to various other
memoryless channels by Richardson and Urbanke [34], who
coined the term density evolution for the analysis tool. The tool
was used for the computation of noise tolerance thresholds [34],
and the optimization of irregular code degree sequences [35],
that ultimately lead to the construction of codes that approach
the capacities of memoryless channels [36]. In [37], Kavčić et
al. modified the density evolution tool to fit the partial response
channels and computed noise tolerance thresholds of random
LDPC codes over partial response channels. They also proved
that the thresholds of these codes can at most achieve rates that
approach the i.u.d. capacity , but not higher. Evidence of
code constructions that approach very closely was given
by Varnica and Kavčić in [38].

This paper addresses the construction of codes that achieve
rates higher than the i.u.d. capacity . The proposed
strategy combines algorithms for computing channel capac-
ities, methods for constructing trellis codes, and tools for
designing iteratively decodable LDPC codes. In short, the ap-
proach is to 1) compute a (maximized) channel information rate
achievable by an input Markov process (chain) of reasonably
low complexity, 2) construct an inner trellis code that essentially
mimics this Markov process and therefore has the potential
to achieve a comparable information rate over the channel of
interest, and 3) construct an outer LDPC code that ensures that
the information rate of the inner trellis code is approached. The
strategy is therefore to compute an achievable information rate,
and then construct a concatenation of two codes whose overall
code rate matches the computed information rate. Hence, the
name matched information rate (MIR) code.

The paper is organized into five sections. Sections II and III
are tutorial-like expositions of the necessary channel capacity
and trellis code terminologies, respectively. In Sections IV, we
give the design rules for constructing the inner matched infor-
mation rate trellis codes, while in Section V, we design outer
LDPC codes.

II. THE CHANNEL MODEL AND CAPACITY DEFINITIONS

A. The Channel Model

Let denote a discrete-time variable. Denote the channel
input as a sequence of random variables , and the channel
output as a sequence of random variables . The channel law
that links the channel input and the channel output is

(1)

where the integer is the ISI length,
are the channel coefficients, and is the noise process. In this
paper, we will assume that the noise process is white and
Gaussian, with mean and variance . We will also assume
that the realizations of the random variables take values in
a finite alphabet . The methods described in this paper could
be applied to any finite alphabet . However, for the purpose
of a clear presentation and practical relevance in many binary
recording and communication channels, we assume that is
the bipolar input alphabet .

We refer to the channel in (1) as the partial response
channel. The channel may be represented by a partial response
polynomial

(2)

In this paper, we will often draw examples using the dicode
channel

(3)



KAVČIĆ et al.: MATCHED INFORMATION RATE CODES FOR PARTIAL RESPONSE CHANNELS 975

whose partial response polynomial is . As a gen-
eral rule, we define the signal-to-noise ratio (SNR) (in decibels)
as

SNR (4)

where is the variance of the AWGN.
We will interchangeably use the input alphabet

and the input alphabet . Thereby, we will use the
standard conversion

(5)

where is a discrete-time random process with binary realiza-
tions . To distinguish between the two types of
binary input alphabets, we refer to as the bipolar
input alphabet and to as the binary input alphabet.

B. The Binary-Input Channel Capacity

Denote by the sequence . The
sequence is similarly defined. Partial response channels are
indecomposable finite-state machine channels (see [1, p. 105],
for a precise definition of an indecomposable finite-state ma-
chine channel), for which the initial state does not affect the in-
formation rate. Thus, the capacity is

(6)

where is the mutual information rate, and the
maximization is taken over all valid probability mass functions
(PMFs) of the random vector .

Another capacity of interest is the i.u.d. capacity, defined as

(7)

i.e., it is the information rate when the input sequence con-
sists of random variables that are i.u.d. In Section III-D, we
establish that is the capacity of random linear (coset)
codes.

C. Trellis Representations

The standard representation of the channel in (1) is through
the notion of a channel trellis [12]. At time , the channel trellis
has states (where ), indexed by .
Exactly branches emanate from each state of the channel
trellis, where . A branch at time is determined
by a -tuple . The first and the last
symbol of the -tuple, and

are the starting state (at time )
and the ending state (at time ), respectively. The symbol is
an -tuple of input symbols, i.e., in binary
notation or in bipolar notation. The
symbol denotes an -tuple of real-valued noiseless channel
outputs, i.e., . (The noiseless channel outputs can be de-
termined from the channel model (1) by setting .) Every

Fig. 1. The minimal and an original channel trellis for the dicode ( )
channel. (a) The minimal channel trellis with two states and one input
(and output) symbol per trellis section. (b) An original trellis with four
states and one input (and output) symbols per trellis section.

branch is uniquely determined by its starting state and its
input -tuple . That is, and are (deterministic) functions
of and . The random -tuple
stands for a random branch, whose realizations are the -tuples

. Fig. 1(a) shows the channel trellis of the dicode channel
in (3).

We distinguish the following three trellis types (examples are
given in Figs. 1 and 2).

• A minimal channel trellis is a channel trellis whose trellis
section has the smallest possible number of states (i.e.,
states) and whose trellis section corresponds to a single
input and a single output (i.e., ). The minimal
channel trellis for the dicode channel in (3) is shown in
Fig. 1(a).

• An original channel trellis is a channel trellis (not nec-
essarily minimal, i.e., the number of states is )
whose trellis section corresponds to a single input and a
single output (i.e., ). The minimal channel trellis in
Fig. 1(a) is automatically an original channel trellis. An-
other original channel trellis for the dicode channel in (3)
is shown in Fig. 1(b).

• An extended channel trellis is a channel trellis whose
trellis section corresponds to channel inputs and
channel outputs, where . Thereby, the number of
states is . In Fig. 2, we give two examples of
extended channel trellises for the dicode channel in (3).

D. The Markov Channel Capacity

Consider a branch in the trellis section of a channel trellis. Let
denote the starting state of the branch

in the trellis section, and let be the
ending state of the branch. If the trellis is an extended channel
trellis, then there may be several branches connecting a pair of
states and . Let be the number of distinct branches that
connect states and . The different branches are denoted by

, where . Using our previous -tuple notation,
we may express the branch as , where
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Fig. 2. Two examples of extended channel trellises for the dicode ( )
channel. (a) An extended trellis with two states and three inputs
(and outputs) per trellis section. This trellis is obtained by concatenating
three sections of the minimal trellis in Fig. 1(a), hence we call it the third-order
extension of the minimal trellis. (b) An extended trellis with four states
and two inputs (and outputs) per trellis section. This trellis is obtained by
concatenating two sections of the original trellis in Fig. 1(b), hence we call
it the second-order extension of the original trellis in Fig. 1(b).

is the starting state, is the ending state,
is the binary channel input -tuple (or in bipolar no-
tation) and is the real-valued noiseless channel output

-tuple.
To every channel trellis we may assign a Markov source. The

source is defined by assigning a probability to every branch
of the trellis section. Given that the channel state at time

is , then stands for the conditional probability that
the branch is , i.e.,

(8)

Denote a trellis section by . That is, is the set of all triples
for which a branch exists in the trellis section. We

say that a branch is a valid branch in the channel trellis if
. The probabilities are the transition probabili-

ties of an input Markov process defined on the trellis . Thereby,
we have for any

(9)

Denote the invariant probability of state by

(10)

whereby

Denote by all Markov transition probabilities for all
branches , i.e.,

(11)

For this Markov source, the Markov channel information rate is
defined as

(12)

where the branch sequence is a random sequence uniquely
specified by the Markov transition probabilities on a trellis

. Note that in the definition (12), we used the branch sequence
instead of the channel input sequence . This is possible

because there is a one-to-one mapping between input sequences
and branch sequences if the initial state is known. Since the
partial response channel is an indecomposable finite-state ma-
chine, the choice of the initial state will not change the limit
in (12).

We proceed to define the Markov channel capacity for a trellis
as

(13)

where the maximization in (13) is conducted over all Markov
processes supported on the trellis . Clearly, .

Denote by an original channel trellis with states
. Denote the Markov channel capacity defined on this

trellis by , or simply . Then an alternative expression
for the channel capacity is [39]

(14)

E. Markov Channel Capacity Computation

The goal in computing the Markov channel capacity over a
trellis is to perform the maximization in (13) over all Markov
PMFs supported on the trellis . Table I gives an algo-
rithm to numerically estimate1 and the capacity-achieving
distribution . We call the capacity computed by the algo-
rithm in Table I the numerical Markov capacity and denote it
by .

In Fig. 3, we show the numerical Markov capacities com-
puted by the algorithm in Table I for the dicode channel trel-
lises given in Figs. 1 and 2. Also shown in Fig. 3 is the numer-
ical capacity (which is the tightest known lower bound on
the channel capacity ) and the best known upper bound on the
channel capacity (the minimum of the water-filling bound [1],
[2], the feedback capacity [9], and the Vontobel–Arnold bound
[8]). For comparison, the i.u.d. capacity (as computed in
[5], [6]) is also shown in Fig. 3.

1The algorithm in Table I is a modified version of the algorithm in [11], but
adapted for extended trellises.
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TABLE I

III. TRELLIS CODES, SUPERCHANNELS AND THEIR

INFORMATION RATES

A. Trellis Codes

Trellises may be used to represent many different types of
codes [40]. In this paper, we consider only codes that can be rep-
resented by a regular time-invariant trellis. Though trellis codes
can in general be nonbinary, for the purposes of this paper, a
trellis code is a binary code that maps binary input symbols
to binary output symbols ( ), with the following regular
structure. A trellis section of a trellis code has states, indexed
by . There are exactly branches emanating
from each state of the trellis code, i.e., one branch for every bi-
nary input -tuple. A branch of a trellis code is described by a

-tuple , where
is the starting state, is the ending state,

is the input -tuple , and is the output -tuple

Fig. 3. Different Markov capacities for the dicode ( ) channel:
is the Markov capacity of the minimal channel trellis in Fig. 1(a) computed by
the algorithm in Table I. , , are similarly computed
for their respective channel trellises. is the i.u.d. capacity. The shaded
region is the region between the tightest known lower bound and the tightest
known upper bound on the channel capacity.

Fig. 4. Two trellis codes. (a) The biphase block code represented here as a
trivial trellis code. (b) A Wolf–Ungerboeck trellis code of rate .

in binary notation (or in bipolar notation).
The code rate is .

Fig. 4 shows two known trellis codes, the biphase code of rate
(which is actually a coset of a simple repetition block code),

and a Wolf–Ungerboeck code [26] of rate (which is derived
from a coset of a linear convolutional code).

B. Superchannels

In this paper, we refer to a superchannel as a concatenation
of a trellis code and a partial response channel. Since both the
trellis code and the partial response channel can be described by
their respective trellises, their concatenation (the superchannel)
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Fig. 5. Two superchannel trellises obtained by concatenating the trellis codes from Fig. 4 and the dicode channel in Fig. 1(a). (a) The biphase dicode superchannel
trellis (rate ). (b) A Wolf–Ungerboeck dicode superchannel trellis (rate ).

can also be described by a joint trellis. A trellis section of a
superchannel has states, where the number of states in the
superchannel may be greater than the number of states in the
trellis of the constituent trellis code. Every state of the super-
channel trellis has exactly branches emanating from the state.
A branch of the superchannel trellis is described by a -tuple

, where is the
starting state, is the ending state, is
the input -tuple , and is the noiseless channel output

-tuple . Fig. 5 gives examples of two superchannel trel-
lises obtained by concatenating the trellis codes in Fig. 4 with
the dicode partial response channel in Fig. 1(a).

C. Superchannel Information Rates

Typically, we will assume that the inputs to the trellis codes,
i.e., the inputs to the superchannels, are i.u.d. equally likely sym-
bols. This means that the conditional probability

of each branch in the superchannel trellis is equal to . Under
this i.u.d. assumption, we define the superchannel information
rate as the information rate between the superchannel input
sequence and the superchannel output sequence, or equivalently,
as the information rate between the superchannel trellis branch
sequence and the superchannel output sequence

(15)

The definition in (15) does not require an optimization, but
rather just an evaluation of the information rate for i.u.d. inputs.
This evaluation of the superchannel information rate can be
achieved using the method proposed by Arnold and Loeliger [5],
and Pfister et al. [6]. The superchannel information rate repre-
sents the maximal rate achievable with a random outer binary
block code used on the superchannel (see Section III-D), or by
a random LDPC code used on the superchannel ([37, Proposi-
tion 1]).

Fig. 6. Different superchannel information rates for the dicode ( )
channel: the rate- biphase superchannel (Fig. 5(a)), the rate–
Wolf–Ungerboeck superchannel (Fig. 5(b)), and the rate- Karabed–Siegel
MSN superchannel. is the i.u.d. capacity. The shaded region is the
region between the tightest known lower bound and the tightest known
upper bound on the channel capacity.

Fig. 6 shows the superchannel information rates for the di-
code superchannels given in Fig. 5 and the superchannel ob-
tained by concatenating a rate- MSN code and a dicode
channel [29]. Note that the maximal rate achievable on a su-
perchannel trellis at high SNRs is , which is the rate of the
constituent trellis code. For comparison, Fig. 6 also shows the
numerical channel capacity of the dicode channel, the upper
bound on the channel capacity, and the i.u.d. capacity .

From Fig. 6, we see that at very low code rates the biphase su-
perchannel rate approximately equals the channel capacity.
At rate , the rate- MSN superchannel information
rate is closer to the channel capacity than the Wolf–Ungerboeck
rate– superchannel information rate, but there is still a gap
of about 0.4 dB between the numerical capacity and the
MSN superchannel information rate. Our task is to formulate
a strategy to close this gap. The goal is not to outperform the
MSN codes on the dicode channel per se, but rather to find a
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Fig. 7. A concatenation scheme for partial response channels. Note that
, i.e., .

general superchannel construction method that will deliver su-
perchannels that achieve the channel capacity for any channel
(not just channels with spectral nulls).

D. Coding Theorems for Superchannels

Viewing the concatenation of the encoder/decoder and the
channel as a superchannel was originally proposed by Forney
[41]. We emphasize two subtle (but essential for practical con-
structions) differences from Forney’s point of view.

1) Forney [41] tried to construct a superchannel to maximize
the error exponent and hence the capacity of the super-
channel. Here, we are interested only in the superchannel
i.u.d. information rate .

2) It is difficult and tedious to calculate error exponents for
most superchannels. So, Forney [41] proposed an analysis
of the concatenation error exponent assuming the inner
code is the best code that satisfies the coding theorem.
Our inner code is much simpler—it can be represented
by a low-complexity time-invariant trellis whose super-
channel i.u.d. information rate can be evaluated using
the Monte Carlo simulation in [5], [6].

Theorem 1: (Achievability of with a linear (coset) code)
The i.u.d. superchannel information rate in (15) can be
achieved by an outer linear (coset) code.

The proof may be obtained by modifying the treatment in [1,
Sec. 5.9], so we omit the details.

Theorem 1 suggests that we could use a concatenation
scheme to surpass the i.u.d. capacity of the partial
response channel if we construct a superchannel whose i.u.d.
rate is . Consider the block diagram shown in
Fig. 7. The binary vector first enters a linear encoder
represented by an generator matrix . The output
from this encoder is a binary vector of length . Before the
codeword enters the trellis encoder (represented by “T” in
Fig. 7), a coset-defining binary vector is modulo- -added
on. It should be pointed out that different choices of the vector

may cause different error rates since the channel has
memory. Although we cannot claim that the achievable rate of
the best linear (coset) code is upper-bounded by , we have
the following “random converse” theorem for outer codes of
rate .

Theorem 2: (Random linear (coset) code converse) If
, there exists a positive real number such that for

any given by generator matrix (of a linear code) with
and any given detection/decoding method, the

average error rate over all the cosets of is greater than (or
equal to) .

The proof may be obtained by modifying standard converse-
theorem arguments (see [1, Theorem 4.6.2]), and the Fano in-
equality ([1, Theorem 4.3.2 ]). These are by now accepted as
standard tools in information theory, so we omit the details.

Theorem 2 exposes the difficulties in finding linear (coset)
code that surpass the superchannel i.u.d. information rate .
Namely, a randomly chosen linear (coset) code will not achieve
a rate higher than . Theorem 2 also reveals the importance
of the role of the inner trellis code. To see this role, note that
any channel can be regarded as a trivial superchannel whose
code rate is and whose i.u.d. information rate is

. Then Theorem 2 directly implies that without the inner
code, the average rate achievable by a random linear (coset)
code is upper-bounded by the i.u.d. channel capacity .

To surpass , we separate the complex code-construc-
tion problem into two smaller problems: designing an inner
(generally nonlinear) trellis code and an outer linear (coset)
code. As we will demonstrate, both these design problems are
tractable. Thereby, to achieve the capacity , we must construct
an inner trellis code whose superchannel i.u.d. rate satis-
fies at an SNR of interest. Without a care-
fully constructed inner code, available linear code optimization
methods (such as the degree sequence optimization [35]) will
be ineffective in approaching the channel capacity .

IV. MATCHED INFORMATION RATE TRELLIS CODES

Our aim is to design a trellis code for a partial response
channel, such that the i.u.d. information rate of the resulting
superchannel is as close as possible to the (numerical) channel
capacity. This is a very different design methodology from the
trellis codes designed in [26]–[28] where the design criterion
was to maximize the minimum Euclidean distance, or in [29]
where the design criterion was to match the spectral null of the
channel. Unlike MSN codes, our MIR design strategy applies
to any channel; and not just to channels with special spectral
properties.

An interesting feature of the MIR design methodology is that
the trellis code is constructed for a specific target code rate .
Consider the dicode channel whose numerical Markov channel
capacities are shown in Fig. 3. Suppose our target code rate is

. The numerical channel capacity equals at
SNR 0.22 dB, i.e., 0.22 dB . We shall use this
example throughout the paper to illustrate the design method.

The general strategy is as follows. We will first choose an ex-
tended channel trellis , and use the algorithm in Table I to find
the optimal Markov branching probabilities for this trellis. We
will then construct a superchannel to mimic the optimal Markov
process on the trellis . This will be achieved by splitting every
state of the extended channel trellis into states of the su-
perchannel trellis , and splitting every branch
of the extended channel trellis into branches of the super-
channel trellis .

We next specify the design rules to construct matched infor-
mation rate superchannels. Many of these rules are in fact ad
hoc. They are derived to formalize the design methodology, but
we make no claim regarding their optimality. We adopt these
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TABLE II
OPTIMIZED TRANSITION PROBABILITIES FOR THE DICODE CHANNEL AT RATE USING THE EXTENDED CHANNEL TRELLIS IN FIG. 2(a).

THE INTEGER VALUES , , , AND ARE DETERMINED USING RULES 1–3

rules because they satisfy our intuition and because they proved
to deliver good codes.

A. Choosing the Extended Channel Trellis and the
Superchannel Code Rate

We will construct a superchannel trellis with output sym-
bols per every binary input symbols. Our first task is to pick

and . Let be the target code rate of the code we wish to
construct. We pick and according to the following rule.

Rule 1: The rate of the trellis code should satisfy the
constraint

(16)

where ’s are the optimized transition probabilities of an
th-order extended channel trellis.

Not all extended channel trellises will satisfy Rule 1. The task
is to find the smallest possible positive integers and such
that an th-order extended trellis satisfies (16). The search
for these integers can be conducted systematically starting with

and increasing until the extended trellis is found. We
choose the rate of the superchannel (i.e., the rate of the inner
trellis code) to be .

The reason for obeying the lower bound in Rule 1
is that would mean that we would not have the

option of using a powerful outer code. It is arguable whether the
upper bound

is necessary. However, obeying this upper bound definitely
avoids nonunique decodability.

As an example, consider the dicode channel in Fig. 1(a). For
this channel and for the target code rate , we verified that
the simplest extended trellis for which Rule 1 holds is the third-
order extension of the minimal trellis, i.e., the extended trellis in
Fig. 2(a) for . The corresponding branching probabilities

are given in Table II. The corresponding values and
that satisfy Rule 1 are and . Hence, we decide to
pick the superchannel code rate (i.e., the inner trellis code rate)
to be .

B. Choosing the Number of States in the Superchannel

Let be the branching probabilities of the chosen ex-
tended trellis in Rule 1. Denote by the number of states
in the extended channel trellis . Let denote
the stationary probability of each state .

First, for practical reasons, we will impose a limit
on the maximal number of states in the superchannel trellis.
Let denote the number of states in the pending super-
channel trellis . Our strategy is to split each
state of the channel trellis into states of the super-
channel (call them type- states) such that and
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. This requires specifying an opti-
mization criterion and solving an optimization problem. Define
a PMF , where . Denote by

the PMF .

Rule 2: Pick the PMF such that is minimized
under the constraints

where denotes the divergence (Kullback–Leibler dis-
tance) [2].

By solving the optimization problem in Rule 2, we deter-
mine the number of states of the superchannel trellis, and
the number of states of each state type .

Consider again the example and the dicode channel.
We have determined by Rule 1 that and , and that
the probabilities are as in Table II. Solving for , we get

. With , we get six solutions that
satisfy Rule 2. They are . This illustrates that
there may not be a unique solution to the optimization problem
in Rule 2. If this happens, then further refinement using Rule 3
(presented in the next subsection) is needed.

C. Choosing the Branch Type Counts in the Superchannel

We say that a branch of the superchannel trellis is of type
if

1) its starting state is one of the states of type ;
2) its ending state is one of the states of type ;
3) its noiseless channel output -tuple matches the noiseless

output -tuple of the branch in the extended channel
trellis .

Denote by the number of branches in the superchannel
trellis of type . For a fixed state of
the channel trellis , denote by the PMF whose individual
probabilities are , where is fixed and and are
varied under the constraint . Obviously, we have

(17)

Similarly, for a fixed , denote by the
PMF whose individual probabilities are , where is fixed
and and are varied under the constraint . We
choose according to the following rule.

Rule 3: Determine such that

is minimized under the constraints

where is determined by Rule 2.

We have already established that Rule 2 may not deliver a
unique solution. If this is the case, then among all solution can-
didates for Rule 2, we pick the solution that also minimizes the
objective function in Rule 3.

We return to the example of the dicode channel and target
rate . Rule 1 delivered , , the extended
channel trellis in Fig. 2(a), and the branching probabilities

in Table II. Rule 2 delivered

but was unable to more narrowly specify and . Applying
now Rule 3, we get the integers in Table II and ,
i.e., a superchannel trellis with ten states.

D. Choosing the Branch Connections

We establish the following three requirements for the pending
superchannel trellis.

1) Exactly branches should be of type .

2) A branch of type must start at a state of type and
end at a state of type .

3) All branches emanating from a given state in the super-
channel trellis must have distinct types, i.e., there cannot
be two (or more) branches of the same type emanating
from a given state of type .

Fulfilling requirements 1)-3) will guarantee that the marginal
probability of a superchannel branch being of type is very
close to the value . However, this does not guarantee that
the resulting output process of the superchannel will mimic the
hidden Markov output process over the channel trellis .
Among all branch connections that match the marginal proba-
bilities, we pick the one that satisfies the following rule.

Rule 4: Pick the superchannel branch connections that sat-
isfy requirements 1)-3) and deliver a superchannel with the max-
imal information rate evaluated at SNR , where SNR
is the SNR at which .

If the integers and are reasonably small, Rule 4 can be
satisfied by an exhaustive search. Otherwise, we may conduct a
randomized search. That is, we randomly pick a superchannel
trellis connection that satisfies requirements 1)-3), we compute

, and we repeat the procedure until we find a superchannel
trellis with an acceptably high information rate . An accept-
ably high superchannel information rate is a rate that is close
to . Alternatively, we may conduct the randomized search by
using ordinal optimization [42].

Applying Rule 4 to the dicode channel example with the
target rate delivered the branch connections assignment
presented in Table III. This branch assignment characterizes
an MIR superchannel, whose information rate is plotted in
Fig. 8. Notice that the information rate of the constructed MIR
superchannel is only 0.11 dB away from the Markov capacity

of the extended channel trellis in Fig. 2(a) at the target rate
. This was to be expected because we designed the

MIR superchannel to mimic the optimal Markov process for the
trellis in Fig. 2(a). Also notice that at the target rate ,
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TABLE III
SUPERCHANNEL TRELLIS FOR THE DICODE ( ) CHANNEL. THE DESIGN RATE IS . THE SUPERCHANNEL RATE IS .

THE BRANCH TYPE PROVIDES A LINK TO TABLE II

the designed MIR superchannel has a higher superchannel
information rate than other known trellis codes (the rate-
Wolf–Ungerboeck code [26] in Fig. 5(b) and the rate-
Karabed–Siegel MSN code [29]). This is because the previ-
ously known codes were not designed to match the information
rate, but rather to optimize algebraic properties such as the min-
imum Euclidean distance [26] or to match the channel spectral
null [29]. The main point here is not that we have a code that
surpasses the information rate of the MSN code, but rather that
we now have a method to construct superchannel trellises for
any channel, even if the channel does not have spectral nulls.

Complexity: Before leaving this section, we briefly discuss
the complexity of constructing the inner code for a channel
with memory length and a target code rate . First, we note
that we use an extended th-order channel trellis with

states to perform the optimization of transition probabili-
ties in the algorithm in Table I. The complexity of this algo-
rithm is , where is the number of trellis sec-
tions used for the Monte Carlo simulation. Next, note that the
pending inner trellis code has at most states, where
is an a priori chosen parameter. The rate of the inner code is

, and the number of branches emanating from
each state is , which makes the decoding complexity at most

. Since , this complexity is at least
. Hence, we see that both the code construction com-

plexity and the decoding complexity grow at least exponentially
with the channel memory length and the extension parameter

. Thus, one realizes that this coding strategy is practical only
for reasonably small values of and .

V. OUTER LDPC CODES

To motivate the design strategy for the outer code, we again
consider the dicode channel example. For the dicode channel,
Fig. 8 reveals that the i.u.d. capacity equals the design
rate 1/2-bits/channel use at SNR 0.82 dB. By applying
Rules 1–4 to the dicode channel, we have constructed a trellis
code whose superchannel trellis is shown in Table III, and
whose superchannel i.u.d information rate is plotted in
Fig. 8. The superchannel i.u.d. information rate equals
1/2-bits/ channel use at SNR 0.40 dB. Theorem 1 asserts that
there exists at least one linear (coset) code such that, if we apply
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Fig. 8. Comparison of the information rate curve of the constructed MIR
superchannel in Table III, to previously known dicode ( ) superchannels.
Shown are the information rates of the Wolf–Ungerboeck (Fig. 5(b)) and
Karabed–Siegel MSN superchannels with rate , compared at the
target rate . is the i.u.d. capacity. is the numerical
Markov capacity of the extended channel trellis in Fig. 2(a), whose optimal
Markov probabilities were used to construct the MIR superchannel. The shaded
region is the region between the tightest known lower bound and the tightest
known upper bound on the channel capacity.

this code to the superchannel and utilize maximum-likelihood
decoding, we may gain 0.42 dB over the . Since it is
impractical to perform the maximum-likelihood decoding for a
general linear code, we show how to construct practical LDPC
codes as outer codes.

A. Encoding/Decoding System

The normal graph [43] of the entire concatenated coding
system is shown in Fig. 9. In our design, we utilize separate
subcodes as the outer code (we explain the reason below), where

is the number of input bits at each trellis stage of the MIR
trellis code. Let the rate of the th subcode be ,
where . Let and be two positive in-
tegers such that and is large enough.
Let be an i.u.d. binary sequence of length

to be transmitted over the channel. The encoding algorithm can
be described by the following three steps (see also Fig. 9 for the
explanation of the notation).

1) The sequence is separated into subsequences

where the th subsequence is of length .
2) The th subsequence enters the th LDPC encoder

whose code -rate is . The output sequence
from the th (sub)encoder is denoted by

3) The whole sequence enters
the MIR trellis encoder, where

The sequence is observed at the channel output.

To recover the input bits to such a system, we may perform
the iterative sum–product algorithm [19] on the normal graph
shown in Fig. 9. However, for the purpose of systematically de-
signing good outer (sub)codes, we specify a serial multistage
decoding schedule [44] depicted in Fig. 10. This algorithm is
very similar to the scheme proposed in [6], with the only dif-
ference being that we do not use the BCJR detector only once,
but rather we iterate between the BCJR decoder and the LDPC
decoder.

To guarantee that the proposed decoding algorithm of Fig. 10
works well, we have to solve the following three problems.

• A trellis section can be viewed as a collection of branches
. In terms of optimizing the su-

perchannel i.u.d. information rate , it is irrelevant how
the input vector of each branch is chosen. In other
words, the input-bit assignment does not affect the super-
channel i.u.d. information rate . However, to construct a
good and practically decodable outer LDPC code we need
to choose the branch input-bit assignment judiciously. We
have empirically observed that different bit assignments
on the branches cause the corresponding LDPC message-
passing (belief propagation) decoders to perform drasti-
cally differently. Hence, we came to the conclusion that a
good bit assignment must be found in order for the mes-
sage-passing decoder to achieve the desired performance.
We develop the input-bit assignment design rule (Rule 5)
in Section V-B.

• Consider the soft-output random variables

For a general inner trellis code, when , the
statistical properties of and are the same if and
only if . In other words, different superchannel bit
positions have different soft-output statistics. This is why
we utilize different (and separated) subcodes in our de-
sign. Now the question is: how do we determine the rates

of the constituent subcodes? Section V-C
gives the answer.

• For large , we need to optimize each of the subcodes.
In Section V-D we develop an optimization method along
the lines of [35], [38].

B. Choosing the Branch Input-Bit Assignment

Every branch of the superchannel
trellis needs to have the input -tuple

specified, where . Considering the decoder in Fig. 10,
we observe that if the bit assignments for
are given, then only the bit assignment for determines the
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Fig. 9. The normal graph of an outer LDPC code (consisting of subcodes) and the inner trellis superchannel.

Fig. 10. The iterative decoder. The codes are successively decoded, each
iteratively.

performance of decoder , irrespective of the bit assignment for
.

Rule 5: Determine the branch bit assignment using the fol-
lowing greedy bit assignment algorithm:

) Find the bit assignment for the th location
such that the th BCJR decoder in Fig. 10 delivers
the lowest probability of bit error in the first iteration.
...

) Assume that decoders through decode without
errors. Find the bit assignment for the th location
such that the th BCJR decoder in Fig. 10 delivers the
lowest probability of bit error in the first iteration.
...

) Assume that decoders through decode with-
out errors. Find the bit assignment for the th
location such that the th BCJR de-
coder in Fig. 10 delivers the lowest probability of
bit error in the first iteration.

This bit assignment algorithm guarantees a good decoding
start. That is, this algorithm ensures that the first iteration of each

BCJR decoder in Fig. 10 delivers a good bit-error rate, which is
typically sufficient to ensure good decoding properties for the
concatenated LDPC decoder.

For low-complexity superchannel trellises, we may perform
an exhaustive search among all bit assignments to satisfy
Rule 5, but for even moderately complex superchannel trellises,
the randomized search using ordinal optimization [42] is the
best known method. By applying Rule 5, we have selected
one good input-bit assignment for the trellis code shown in
Table III. The input bit assignment is shown in the third column
of Table III.

C. Determining the Subcode Rates

Now we show how to determine the code rates for the outer
subcodes. Ideally, the superchannel i.u.d. rate should equal
the target rate

(18)

which amounts to

(19)

From the chain rule [2], we have

(20)

where

The decoding algorithm given in Fig. 10 assumes that decoders
through perform errorless decoding before decoder
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starts the decoding process. From (20), we see that this is pos-
sible only if the rate of the th code is

(21)

Therefore, a reasonable rate-assignment is shown in (22)–(24)
at the bottom of the page, where the sequences are i.u.d.
for all . The rates in (22)–(24) can be computed
by Monte Carlo simulation [5], [6]. Consequently, we get

To summarize, first we choose two integers ,
where is large enough, such that is not greater
than (and is as close as possible to) given in (19). Then we
choose , for such that

and , where is computed by (22)–(24).

D. Subcode Optimization

Using the subcode rates chosen in Section V-C we optimize
the LDPC subcodes. Each of the subcodes is optimized in a
very similar fashion as in [38].

1) Density Evolution and the Noise Tolerance Threshold:
For the optimization, we use density evolution tools for chan-

nels with ISI memory [37]. In this setting, an LDPC code is typ-
ically represented by a bipartite Tanner graph with two types of
nodes: 1) variable nodes corresponding to the encoded binary
symbols, and 2) check nodes corresponding to the parity-check
constraints that the encoded symbols have to satisfy [45].

The degree of a node is the number of edges that are con-
nected to the node. The fraction of edges connected to a vari-
able node of degree is denoted by , whereas the fraction
of edges connected to a check node of degree is denoted
by . Denoting by the maximal variable node degree and
by the maximal check node degree, we have that the check
and variable degree sequences are and

, respectively. The code rate of the LDPC
code is

(25)

We say that an LDPC code is regular if . Other-
wise, the code is irregular. For details regarding the regular and
irregular LDPC codes, see [32], [33], [46].

The noise tolerance threshold of an LDPC code on a given
channel is defined as the supremum of the noise standard devi-
ation such that the probability of the decoding error can be
made arbitrarily small given that the code block length and the
number of iterations of the message passing decoding on a graph
are sufficiently large [34]. For any degree sequence pair
the noise tolerance threshold may be computed using density
evolution (for memoryless channels see [34]; for channels with
memory see [37]). The corresponding SNR threshold for a par-
tial response channel is

SNR (26)

where are the channel response coefficients.
2) Outer Code Optimization: Optimizing an LDPC code of

rate means finding sequences and that satisfy (25) and
maximize the noise threshold . To optimize the outer code for
a given superchannel, we generalize the single code optimiza-
tion method for a partial response channel (with no inner code)2

to a joint optimization of different subcodes. This generaliza-
tion is summarized as follows.

1) Given a superchannel trellis of rate , we
need to optimize different constituent subcodes shown
in Fig. 9 according to the decoding scenario shown in
Fig. 10. That is, while optimizing the degree sequences
of the LDPC subcode , we assume that the symbols

are decoded without
errors and that no prior information on the symbols

is available.

2) The th constituent subcode of rate is optimized
using the optimization tools presented in [38]. Thereby,
we make a change in the density evolution algorithm
to reflect the fact that decoders through have
decoded symbols through without
errors. This is done by generating i.u.d. realizations of
symbols through , and running the
BCJR algorithm (in the density evolution step) with
prior knowledge of these symbols; see [37] for density
evolution details.

3) We obtain pairs ( and ) of the optimized
degree sequences, each pair corresponding to one con-
stituent subcode; . Using the density

2For details about the single code optimization and some ad hoc rules to speed
up the optimization see [35], [36] and [38].

(22)

(23)

...

(24)
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evolution algorithm, we compute the noise tolerance
thresholds for all subcodes . The
noise threshold of the entire code is then given by

.

3) LDPC Decoding: While we used Fig. 10 to systemati-
cally construct the outer code, we note that we only need one
BCJR detector and one LDPC decoder once the constituent sub-
codes are obtained. The single LDPC code is constructed by in-
terleaving the subcodes.

Denote the parity-check matrix of subcode (constructed
from the degree sequences and ) by

where represents the th column of the matrix . The
parity-check matrix of the entire code is obtained by inter-
leaving the columns of the subcode parity-check matrices as
in (27) at the bottom of the page. The size of the matrix is

, where
The resulting LDPC code is decoded using the mes-

sage-passing decoder for the code represented by the matrix
over the superchannel with a known trellis structure [37]. An
interesting feature of this decoder is that decoding occurs in
stages. That is, even though the message passing is performed
on a single graph, the initial iterations contribute mostly to
decoding subcode . After subcode is decoded, the following
iterations contribute mostly to decoding subcode , and so on.
This is not surprising given that Fig. 10 was used to optimize
the code.

E. Optimization Results

We demonstrate that our code construction method applies to
both channels with and without spectral nulls. We perform the
code optimization on the dicode channel which has a
spectral null at frequency , and on the
channel which has no spectral nulls.

1) Dicode Channel: We revert to the dicode channel
example with the target rate . The inner trellis code with
code rate for the dicode channel is given in
Table III. Since , we optimize two outer LDPC subcodes.
Using (22)–(24), we found their rates to be and

, respectively. The rate of the outer code is thus

The resulting overall code rate is

which is exactly our target code rate.
The optimized degree sequences together with their re-

spective thresholds are given in Table IV. We constructed an

TABLE IV
GOOD DEGREE SEQUENCES AND THE NOISE THRESHOLDS FOR SEPARATELY

CODED EVEN AND ODD BITS OF THE OUTER LDPC CODE ON THE
SUPERCHANNEL FROM TABLE III; , ,

;

outer LDPC code by interleaving the parity-check matrices
obtained from the optimized degree sequences, see (27). The
code length was set to binary symbols. The bit-error rate
simulation curve is shown in Fig. 11. For comparison, Fig. 11
also shows a tight lower bound and an upper bound
on the capacity, the superchannel i.u.d. rate , the i.u.d.
capacity , and the noise threshold SNR of the code
in Table IV. We see from Fig. 11 that the threshold SNR is
0.19 dB away from the superchannel i.u.d. rate and that this
threshold surpasses the i.u.d. capacity by 0.23 dB. The
code simulation shows that a bit-error rate (BER) of is
achieved at an SNR that surpasses by 0.14 dB.

2) A Channel Without Spectral Nulls: For the
channel we chose the design rate . Using Rules 1–5, we
constructed an inner trellis code of rate for
this channel; the superchannel trellis is given in Table V. Since

, we optimize only one outer LDPC subcode of rate
, which gives the desired target code rate .

The optimization of the outer LDPC code delivered the degree

...
...

. . .
...

...
...

. . .
...

...
...

. . .
...

(27)



KAVČIĆ et al.: MATCHED INFORMATION RATE CODES FOR PARTIAL RESPONSE CHANNELS 987

Fig. 11. BER versus SNR for the dicode channel. Code rate ;
code block length bits. Also shown are the i.u.d. channel capacity ,
the superchannel i.u.d. rate , an upper bound , and a lower bound
on the capacity and the noise threshold .

Fig. 12. BER versus SNR for the channel. Code rate ;
code block length bits. Also shown are the i.u.d. channel capacity ,
the superchannel i.u.d. rate , a lower bound on the capacity , and the
noise threshold .

sequences and threshold shown in Table VI. Using these degree
sequences we constructed an LDPC code of block length
binary symbols. The code’s BER performance curve is shown
in Fig. 12. We observe from Fig. 12 that the superchannel i.u.d.
rate is 0.14 dB away from the lower bound on the channel
capacity . The noise threshold SNR is 0.15 dB away from
the superchannel i.u.d. rate . The threshold SNR surpasses
the i.u.d. capacity by 0.90 dB. The code simulation re-
veals that our design method yields a code that achieves a BER
of at an SNR that surpasses the i.u.d. capacity by
0.77 dB.

VI. CONCLUSION

In this paper, we developed a methodology for designing
capacity approaching codes for partial response channels.
Since the partial response channel is a channel with memory,
its capacity is greater than the i.u.d. capacity . We
showed that rates above cannot be achieved by random
linear codes. Given that our goal was to construct a code that

TABLE V
SUPERCHANNEL TRELLIS FOR THE CHANNEL AND DESIGN RATE

. THE SUPERCHANNEL RATE IS

TABLE VI
GOOD DEGREE SEQUENCES AND THE NOISE THRESHOLD FOR THE

OUTER LDPC CODE DESIGNED FOR THE SUPERCHANNEL IN TABLE V;

surpasses the i.u.d. capacity , we chose a concatenated
coding strategy where the inner code is a trellis code, and the
outer code is an LDPC code.

The role of the inner trellis code is to transform the i.u.d.
input symbols to a correlated binary sequence that matches the
characteristics of the channel. The key step in the design of the
inner trellis is to identify a Markov input process that achieves a
high (capacity approaching) information rate over the partial re-
sponse channel of interest. Then, we construct a trellis code that
mimics the identified Markov process whose information rate
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is high. Hence, we name it a matched information rate (MIR)
trellis code.

MIR trellis code constructions are different from any previ-
ously known trellis code construction methods in that we do not
base the code construction on an algebraic criterion (e.g., maxi-
mizing the minimum Euclidean distance or matching a spectral
null). Instead, the code construction is purely probabilistic. We
provided a set of five rules to construct the inner MIR trellis
codes. These rules apply to any partial response channel.

We chose the outer code to be an LDPC code. We proposed
to design the outer code by interleaving different LDPC sub-
codes, where is the rate of the inner MIR code. We provided
rules to pick the code rates of the constituent LDPC subcodes,
and devised modified LDPC subcode optimization methods to
fit our specific inner code and the partial response channel. Ex-
plicit code constructions that follow these rules were given for
both channels with and without spectral nulls. In both examples,
the codes achieved rates that surpassed their respective i.u.d.
capacities , and approached the numerical capacities to
within 0.3–0.5 dB.

We should note that capacity approaching codes for certain
(special) partial response channels and/or certain (typically very
low or very high) code rates were known prior to this work.
One example is the biphase matched spectral null code over the
dicode channel which can achieve the channel capacity at low
rates when an optimal outer code is applied. Another example
is a regular LDPC code over any partial response channel in the
region where , i.e., at very high rates ,
see [37]. However, apart from these rather special examples,
constructions of capacity approaching codes for general par-
tial response channels were not known prior to this work. The
main contribution of this paper is that we now have a method
to systematically construct codes that surpass the i.u.d. capacity

(and ultimately approach the capacity ) on any partial
response channel at any design code rate of interest. To the best
of our knowledge, the MIR codes presented in this paper are the
first to achieve this goal.
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