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Abstract—We consider turbo equalization for intersymbol
interference (ISI) channels, wherein soft symbol decisions gener-
ated by the channel detector are iteratively exchanged with the
outer error-correction decoder based on the turbo principle. Our
work is based on low-complexity suboptimal soft-output channel
detection using a constrained-delay (CD) a posteriori probability
(APP) algorithm. Central to the proposed idea is the incorporation
of effective decision-feedback schemes, which significantly reduce
complexity while providing immunity against error propagation
that typically plagues decision-feedback schemes. We observe
that the effect of decision feedback is quite different on turbo
equalization versus traditional, hard-decision-generating and
noniterative equalization. In particular, we demonstrate that
when the feedback scheme applied is inadequate for the given
equalizer parameters and ISI condition, the extrinsic information
generated by the equalizer becomes distinctly non-Gaussian, and
the quality of soft information, as monitored by the trajectory
of mutual information, fails to improve in the iterative process.
We identify parameters of feedback-based CD-APP schemes that
offer favorable complexity/performance tradeoffs, compared with
existing turbo-equalization techniques.

Index Terms—Equalization, intersymbol interference (ISI),
iterative methods, maximum a posteriori (MAP) detection, turbo
equalization.

I. INTRODUCTION

I NTERSYMBOL interference (ISI) arises in bandlimited
data transmission. Channel-equalization techniques to

combat ISI have been fairly well established, ranging from the
maximum-likelihood sequence detector (MLSD) [1] to linear
and decision-feedback equalization (DFE) techniques [2], [3],
as well as various reduced-complexity MLSD approximations
[4]–[6]. ISI equalization had traditionally focused on generating
hard decisions, which then typically get passed to the outer
decoder that attempts to correct erroneous bits that were made
in the equalization/detection process. Notable exceptions to
this general trend were the Bahl–Cocke–Jelinek–Raviv (BCJR)
algorithm of [7] and, more recently, the soft-output Viterbi al-
gorithm (SOVA) of [8], both of which were designed to provide
“soft” decisions in the form of a posteriori probabilities (APPs)
of transmitted symbols.
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With the emergence of turbo coding [9], and the subsequent
interest in the broader turbo principle [10], [11], where the iter-
ative processing of soft information takes the center stage, the
detector’s ability to generate soft decisions has become an im-
portant system design requirement. The turbo principle has first
been applied to the channel ISI equalization problem in [12],
where the channel detector and the outer error-correction coding
(ECC) decoder exchange soft symbol decisions in an iterative
fashion in an effort to improve the quality of the soft informa-
tion. The techniques to combat ISI by generating and iteratively
processing soft decisions in conjunction with an outer soft-input
soft-output (SISO) decoder have since been dubbed collectively
as turbo equalization. The performance results presented in [12]
pointed to a great potential for this type of approach in ISI equal-
ization. Complexity of the trellis-based soft-output detectors,
such as the BCJR and SOVA algorithms, however, grows ex-
ponentially with the length of ISI. Thus, for channels with long
ISI, a need arises to compromise performance with complexity,
and a resort should be made to some low-complexity methods.

A particularly effective approach to low-complexity turbo
equalization is discussed in [13]. There, a turbo-equalization
technique based on soft output minimum mean-squared error
(MMSE) linear equalization (LE) is discussed, leading to a
time-varying filter structure. To avoid the high implementation
complexity associated with a time-varying filter, the authors
then suggest two time-invariant approximations that can be
used in combination. The resulting equalizer performance and
properties have been analyzed using the extrinsic information
transfer (EXIT) chart analysis of [14]. A SISO version of the
DFE is discussed in [15] and also in [13], but its performance
is shown to be inferior to soft-output LE schemes [13]. It is
also noted that an approach similar to turbo equalization is
taken in [16] for interference cancellation in code-division
multiple-access (CDMA) multiuser communication systems.
Instantaneous soft-output MMSE filtering is used to reduce
the complexity of maximum a posteriori (MAP) probability
detection based on the BCJR algorithm.

The work presented in this paper is also an attempt to develop
a low-complexity SISO detector for ISI channels that can be
used in any turbo-equalization setting. Our proposed approach
is based on derivation of a constrained-delay (CD) APP detector
with decision feedback (DF). The notion of a CD is similar to
that of the finite or sliding-window BCJR algorithms [17], [18],
but the main conceptual difference is that the derivation of the
CD-APP detector starts with a hard and explicit constraint of a
fixed decision delay. Also, while a truncation of the processing
window in the BCJR algorithm effectively fixes the decision
delay, it does not reduce the number of trellis nodes, whereas
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Fig. 1. Coded data-transmission system model.

in our proposed setting, the decision-delay parameter directly
affects the size of the trellis. Abend and Fricthman appear to be
the first to have derived a MAP detector with a prescribed deci-
sion-delay constraint [19]. The work presented in [20] and [21]
discusses a CD MAP technique based on tree search and hard
DF (HDF). The tree formulation is used to simplify the arbitra-
tion process in the presence of certain code constraints, as well
as to point to some interesting implementation options when the
goal is to release hard decisions. Soft DF (SDF) in conjunction
with a CD-MAP scheme is discussed in a nonturbo setting in
[22]. The method presented in [23] can also be viewed as a trun-
cated APP technique formulated in the context of multiuser de-
tection/layered space–time processing, with SDF applied in the
spatial domain. We also mention that the notion of “path par-
titioning” has been introduced in [24], and illustrates relation-
ships among some of exiting trellis-based soft- and hard-deci-
sion algorithms. For the interested reader, an extensive list of
references is also provided in [24] on soft-decision algorithms
available in the literature.

In this paper, we first provide a conceptually simple,
trellis-based formulation of an optimal CD-APP algorithm,
which has exponential complexity in decision delay rather than
the ISI length. We are mainly interested in situations where
decision delay is smaller than the extent of ISI, so that the
resulting complexity is lower than the optimal BCJR algorithm.
We emphasize that in a turbo-equalization setting, a comfort-
ably small value of decision delay (which can be significantly
smaller than the ISI length) can provide an excellent com-
plexity/performance tradeoff, provided that an appropriate DF
scheme is employed. In noniterative systems where soft a priori
information does not improve through successive iterations, a
considerable performance degradation would result if decision
delay is chosen to be less than the extent of ISI, as verified in
[25].

Some sort of DF is necessary to compensate for tail ISI if
the decision delay is shorter than the extent of ISI. To this end,
we proceed to investigate various DF schemes used in conjunc-
tion with CD-APP, in the context of turbo equalization. We
observe that the EXIT chart analysis based on the Gaussianity
assumption of a priori probability entering a constituent equal-

izer/decoder may not predict the performance of DF-based
turbo equalizers for certain feedback schemes. In such cases,
we note that the trajectory of mutual information, which depicts
how the quality of soft information evolves through the long
chain of successive equalization and decoding steps in the
iterative process, fails to move up and follow the path outlined
by the EXIT charts. We further observe that when this happens,
the distribution of the soft information becomes distinctly
non-Gaussian. We quantify this effect using a normalized
kurtosis. Using average trajectories and kurtosis, we evaluate
different feedback strategies for ISI channels with varying
degrees of ISI strength. The feedback schemes we investigated
range from simple HDF to “full-blown” SDF with exhaustive
enumeration of uncompensated ISI patterns incorporating their
probability measures. We shall also compare feedback-based
CD-APP algorithms with the LE approach of [13], as well as
the optimal BCJR algorithm.

The organization of the paper is as follows. In Section II,
we describe the communication system model used in this
paper. This section briefly touches upon the turbo-equaliza-
tion concept. Section III includes the trellis-based derivation
of a CD detector, as well as development of SDF schemes.
Section IV provides a brief review of the EXIT chart analysis.
Section V presents numerical results for two ISI channels
with different levels of severity, highlighting improved per-
formance/complexity tradeoffs associated with the proposed
scheme in relation to existing approaches. Finally, conclusions
are drawn in Section VI.

II. COMMUNICATION SYSTEM MODEL

The communication system model is shown in Fig. 1. First
an outer recursive systematic convolutional (RSC) code en-
codes the source information bits (sequences are sometimes
represented as vectors and denoted by bold letters). Next, an
interleaver scrambles the coded bit sequence and removes
the memory introduced by the encoder. The binary phase-shift
keying (BPSK)-modulated output of the interleaver, , is then
transmitted through the ISI channel. Finally, additive white
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Gaussian noise (AWGN) with variance gets added. The
received signal at time is modeled as

(1)

where denotes the impulse response of the ISI channel
whose memory length is , and where represents samples
of AWGN. Note that the block length of all the sequences
specified in Fig. 1 is dictated by the interleaver length.

At the receiver side, a (reasonably short) MMSE forward
equalizer, very much like that of a DFE system, is first used to
phase-equalize the channel and push its energy to the front [26].
If the given ISI channel is already minimum phase, there is cer-
tainly no need for phase equalization. At the output of the for-
ward equalizer, we have an effective channel response which is
(nearly) minimum phase, so that a small value of decision delay
in the subsequent CD-APP detector covers a good proportion of
the total ISI energy. In essence, we trade the small linear com-
plexity of a short-phase equalizer for a large saving in the ex-
ponential complexity of the subsequent CD-APP detector. The
output of the forward equalizer, , feeds the block labeled “it-
erative decoder” which consists of an inner ISI detector (based
on the CD-APP detector) and an outer RSC decoder (based on
the BCJR algorithm), connected through an interleaver and a
deinterleaver. The quantities , , and refer to the a
priori, a posteriori, and extrinsic log-likelihood ratios (LLRs),
respectively. Note that there is a one-to-one correspondence be-
tween bit sequences in the transmitter and LLR sequences in
the receiver. This is reflected in the subscripts of the LLRs, e.g.,

refers to the extrinsic LLR sequence corresponding to bit
sequence .

Based on the channel observations and the a priori infor-
mation coming from outer decoder, the inner detector com-
putes the a posteriori values . What is passed along to the
outer decoder is , which is less the to prevent the a
priori information from cycling around. Since the outer decoder
does not have access to direct channel observations, we do not
subtract out their effect from . More formally, at time ,
we can write

(2)

The LLR in (2) reflects the motivation behind a CD detector
with decision delay : Given samples , what is the
best we can say about the transmitted bit at time ? Using
Bayes’ rule, (2) can be rewritten as

(3)
where the first and the second terms are denoted by and

, respectively. After being deinterleaved, becomes
and serves as the input to the outer decoder. As in the case of

the ISI channel detector, a priori information is subtracted
out from for the same reason.

Fig. 2. States and state transitions of a generic CD trellis at time units
and .

Similar to (3), we can decompose as

(4)

where is the length of the transmitted sequence. Note that in
(3), we look ahead a finite number of symbols, while in (4), we
require reception of the whole sequence. This is essentially the
difference between constrained and unconstrained MAP detec-
tion.

III. CONSTRAINED-DELAY DETECTOR DESIGN

In this section, we present a CD-APP detector with various
DF schemes. In the following derivations, we assume BPSK
modulation. Extension to larger constellations is straightfor-
ward.

A. Algorithm Description

A simple description of a CD-APP detector is possible by
constructing a trellis diagram with states and state transitions

, as follows:

(5)

(6)

where denotes the transmitted bits . Fig. 2 il-
lustrates the states and state transitions of a generic CD trellis at
time units and . The goal is to find the joint probability
density , which can be stated as the following sum:

(7)

where denotes the set of all transitions such that
. The joint probability density is similarly

defined, with replaced by , the set of all transitions
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such that . We now recursively express in
terms of

(8)

where is the set of all leading to , and is the
likelihood function, defined as

(9)

Note that we assumed independent ’s in obtaining the last
equality in (8). This is justified because the bit sequence is a
“randomized” version of the bit sequence . In turbo equaliza-
tion, in (8) is to be replaced by the a priori information
passed back from the outer soft-output decoder. A similar recur-
sion equation can be derived on the joint probability density of
the state variable and the up-to-date observation sequence, but
it can be shown that the size of the trellis needs to be doubled,
requiring twice more likelihood-function calculations. The al-
gorithm outlined in [22] can be viewed as the recursive compu-
tation of the joint probability densities of state variables.

When , the algorithm of (8) and (9) can be viewed as
a recasting of the optimal CD APP detector of [19] as a trellis-
based algorithm. With , completely specifies and,
thus, for signal-independent noise, is independent of .
Accordingly, we can drop in (9). It is also easy to see that
for the special case of , this algorithm coincides with the
forward processing of the BCJR algorithm. We do not consider
this algorithm to be very useful for , since the size of
the resulting trellis is no smaller than that of the BCJR
algorithm . This algorithm will be interesting, and have a
chance to provide favorable performance/complexity tradeoffs
only when .

For , however, exact computation of in (9) is
problematic, as the ISI terms are not completely specified in .
Past hard decisions can be used in completely defining the signal
portion of , as suggested in [19]. If we do assume correct past
hard decisions, then the computation of the likelihood function
at time can be carried out, under Gaussian noise, as

(10)

(11)

where is the noiseless signal and represents past hard bit
decisions. A serious drawback of this approach is that feeding
back past decisions induces error propagation, if the energy
is significant in ISI. The algorithm of [20] and [21] is essen-
tially based on this idea, but uses a fixed-delay tree construc-
tion, wherein the path/branch arbitration process simplifies in
the presence of certain code constraints, and which leads to cer-

tain low-complexity implementation options when the equal-
izer’s goal is to generate hard decisions.

In an effort to reduce unspecified ISI terms in the calculation
of , we modify the algorithm of (8) and (9) by tracing the
trellis one step backward, i.e.,

(12)

where is a modified likelihood function defined as

(13)

Again assuming correct past hard decisions, can be
calculated similarly to (10), but with computed as

(14)

Compared with (9), the condition in the right-hand side (RHS)
of (13) specifies one more ISI term, reducing the number of un-
known ISI terms by one in determining the signal portion of .
Tracing back further in the trellis results in a recursion equa-
tion based on the computation of a likelihood function involving
multiple preceding observation samples in every cycle; but this
does not help in reducing the number of unspecified ISI terms in
the likelihood-function calculation. The level of complexity re-
quired to implement (12) and (13) is about double that required
for (8) and (9), as there are two likelihood functions (for binary
inputs) to be computed for each transition in (12); the algorithm
of (12) and (13) with delay is expected to perform as well as
the algorithm of (8) and (9) with delay , but would not
require the corresponding increase in the number of joint prob-
abilities that need be carried to the next cycle.

Whether (12) and (13) or (8) and (9) are implemented, the use
of hard decisions to cancel past ISI terms may cause substantial
error propagation under severe ISI and/or small . To alleviate
this issue, we now discuss ways to incorporate SDF in CD APP
detection. In the following, we shall focus on the algorithm of
(12) and (13) as a base algorithm in constructing SDF schemes.

B. Soft DF

One heuristic way of generating soft decisions is to simply
use the hard decisions weighted by their APP of occurrence as

(15)



2106 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 53, NO. 12, DECEMBER 2005

where the superscript in emphasizes that the decisions are
soft. The likelihood function can be calculated by (10) and (14),
but with replaced by . This SDF scheme feeds back the
mean sequence of the past decisions according to their APPs;
we shall refer to this SDF scheme as mean SDF (MSDF).

While MSDF is easy to implement, as we shall show later, it
may still exhibit error propagation in certain ISI situations, es-
pecially in conjunction with reduced-complexity detector pro-
cessing. Let us discuss a more elaborate SDF scheme that makes
the system more or less immune to error propagation, even in se-
vere ISI situations.

The likelihood function given in (13) can be extended using
the following sum:

(16)

where the third equality arises because given and uncor-
related noise, and are conditionally independent, and
the conditional probability of does not depend on in
the absence of the observation sample . In obtaining the last
line, the probability conditioned on a
particular state transition is approximated based on the set
of available past APPs ,

that are not dependent upon .
Note that computation of the likelihood function given in (9)
would result in ,
which can then be more straightforwardly approximated as

.
The conditional probability density function (pdf)

is Gaussian with mean

(17)

and variance . Note that repre-
sents the decimal representation of different binary patterns cor-
responding to , and refers to the th BPSK-modu-
lated symbol of the th sequence. The likelihood function given
in (16) is, therefore, a weighted sum of Gaussian pdfs,
expressed as

(18)

where . We call this exhaustive
SDF (ESDF), as it relies on exhaustive enumeration of all un-
specified ISI patterns and incorporation of their probability mea-
sures. While this approach provides essentially the optimal way
of feeding back past soft decisions, the complexity associated
with evaluating (18) will be high for the cases where is sig-
nificantly smaller than , which is exactly the situation that we
have set out to address.

Various reduced-complexity algorithms simplifying (18) are
possible. For example, we can use

(19)

where is a small subset of for which
is the largest.

Another possibility is to simply focus on getting the overall
mean and overall variance of . This amounts
to forcing to be approximated as a single Gaussian
pdf, i.e., . Note that there is no evidence of this
approximation being reasonable at this point; we are simply
forcing it to simplify SDF implementation. Later, however,
performance analysis will indicate that this approximation is
indeed effective in providing good performance/complexity
tradeoffs. The overall mean and variance can be written as

(20)

(21)

It is shown in the Appendix that (20) and (21) can be ex-
pressed as

(22)

(23)

where and
. Once the overall mean and variance are found, the

likelihood function is calculated as

(24)

This method of SDF, which is based on finding the overall
mean and variance of the likelihood function as given in (22) and
(23), ends up equivalent to the SDF schemes of [22] and [23],
which is based on a direct modeling of unspecified interference
terms as a Gaussian random variable (RV), and calculation of the
mean and variance of the overall noise plus interference using
available probability measures of the symbols, giving rise to the
unspecified ISI terms. The derivation presented here, however,
clearly shows where the approximation is made (and thus, the
source of potential optimality loss) in eventually incorporating
the APPs of past decisions in the computation of the likelihood
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function. Our derivation also provides a link between the ESDF
of (18), which represents essentially the optimal way of DF, and
the SDF scheme of (24). Finally, the formulation of (18) easily
points to other possible SDF variations, as suggested by (19). As
this SDF scheme results from a Gaussian pdf approximation of
the likelihood function, we shall call it Gaussian SDF (GSDF).

C. CD Detection in Log Domain

At the core of the log-domain algorithm is the following ap-
proximation to the log of the sum of two exponentials [27], [28]:

(25)

where . This approximation is accurate if
, otherwise, exact computation is possible if we

pay the complexity price of calculating a correction term and
adding it to (25) as

(26)

where is the correction term
and usually computed using a small lookup table. The term
originally given to the left-hand side of (26) is
[27]. More generally, we can implement

, by a structure similar to a binary tree
whose leaves are the exponents , , and whose nodes
are either max or operations, depending on the level of ac-
curacy we seek. The final result will be available at the root of
the tree.

The goal is to calculate as given in (2). Replacing the
conditional pdfs of (2) with the joint pdfs and using (7) in the
resulting formula, we have

(27)

Defining and applying the op-
erator to the two sums of exponentials [27], [28], we can write
(27) as

(28)

The operation can be replaced by the max operation
to reduce hardware complexity with some loss of performance.
Taking the log of both sides of (12) and defining

, is simply written as

(29)
where by using , we can write

(30)

where the second term on the RHS is independent of , and
so will be cancelled out in (28). It now remains to calculate

in (29). Inspecting (10) and (24), we see that the
log of the likelihood function for HDF and SDF takes the simple
quadratic form but with different means and

variances. The term is constant, and so again
is cancelled out in (28).

D. Pseudocode Description of CD-HDF/GSDF

Let be the decimal representation of the binary pattern
specifying the state transition as in (6). We use the notation
to refer to the state transition at time . The total number of
state transitions in the CD trellis with decision delay is

. Let and be the received samples and the a priori
probabilities on from time 1 to time , respectively. Assuming
the channel state is initially the all-zero state, the log-domain
CD detection algorithm is summarized as follows.

1) For to 0,
, ,
, .

2) , , ,
3) For to

a) For to
i) = Starting state of .
ii) = All state transitions, , leading

to .
iii) For all in

A) Obtain from and .
B) If HDF: Calculate mean as in (11) and call

it and set .
C) If SDF: Calculate mean and variance as in

(22) and (23), respectively, and call them
and .

D) .
iv) Calculate using (29) and (30).

b) If ,
i) Calculate as in (28).
ii) If HDF:

A) .
iii) If SDF:

A) .

B) .
4) Done. Go back to step 1) to process the next block.

Note that the past soft/hard decisions can feed a shift register
of length . In the pseudocode, denotes the sign
function, and the function is simply obtained via
a table lookup.

IV. PERFORMANCE EVALUATION USING EXIT CHART

A. Background

A sizable amount of research has been devoted to the conver-
gence analysis of iterative decoders. This convergence analysis
requires, conceptually, a measure that can quantify the quality
of soft information as it iterates between the constituent de-
coders. Measures that are intuitively sound include: the SNR of
the LLRs [29], [30], the mutual information between the LLRs
and their corresponding transmitted bits [14], and the empirical
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bit-error rate (BER) of the LLRs [31]. These measures will then
be monitored as the soft information travels back and forth be-
tween the constituent decoders. If the chosen measure keeps im-
proving from iteration to iteration, we are converging. Eventu-
ally, as the a priori information becomes more and more corre-
lated, the iterative decoding ceases to improve.

We use the mutual information measure in this paper, as it is
shown to be more numerically stable and less sensitive to the
distribution of the LLRs [31]. The mutual information between
a discrete-time RV and a continuous-time RV is defined as
[32]

(31)
where is the conditional pdf of given . It is shown
in [33] that the LLR values are reasonably distributed according
to the Gaussian pdf , i.e., a normal pdf with its
mean equal to half its variance. Let be the transmitted se-
quence of the BPSK symbols, and the corresponding LLR se-
quence with distribution . One can show that (31)
simplifies to [14]

(32)

B. Obtaining EXIT Chart

For ease of presentation, we use the following shorthand no-
tations: , , ,

. The EXIT chart of [14] is basically the dia-
gram containing the transfer characteristics (TC) of the two con-
stituent decoders, i.e., that of the inner ISI detector, versus

, and that of the outer RSC decoder, versus , with the
abscissa and ordinate of the TC of the outer decoder reversed
for better visualization of the iterative convergence.

Assuming the input a priori LLRs to individual constituent
decoders are Gaussian, the following procedure is proposed in
[14] to obtain the TC of the ISI channel detector.

1) For a given value of , find (numerically) the corre-
sponding using (32) and inverse mapping. Note that

of (32) is strictly increasing in its single param-
eter , and so inverse mapping is well defined.

2) Simulate according to .
3) Given a fixed , find the empirical distribution of

through Monte Carlo simulation of the channel de-
tector.

4) Calculate using (31) and numerical integration.
A similar procedure is used to obtain the TC of the RSC de-

coder where the parameter is not present in step 3).
To visualize the iterative convergence, a simulated trajectory

is obtained by letting the iterative decoder run freely, as we
briefly explain. Initially, at the input of the ISI detector.
For a given , the empirical distribution of the extrinsic
LLRs at the output of the ISI detector is used to calculate
using (31). Likewise, the empirical distribution of the LLRs at
the output of the RSC decoder is used to calculate . If the ex-
trinsic LLRs assume Gaussian pdf (the assumption underlying

the TCs of the EXIT chart), the trajectory should closely follow
the path suggested by the EXIT chart. We will show that the
extrinsic LLRs generated by the HDF-based CD detector lacks
this Gaussianity assumption when the energy of the tail ISI is
appreciable and SNR is not high enough, i.e., when severe error
propagation is present. This is not the case when SDF is used.

To measure the Gaussianity of the extrinsic LLRs in a free
run of the compound iterative decoder, we use the normalized
empirical kurtosis [34] defined as

kurtosis (33)

where denotes the number of blocks used in estimation, and
represents a length- sequence of extrinsic LLRs. For a zero-

mean Gaussian pdf, kurtosis is equal to three.

V. NUMERICAL RESULTS

The impulse responses of the unit-energy memory-4 and
memory-6 ISI channels that are considered in this paper are
denoted by the vectors and

, and are referred to as
ISI-1 and ISI-2. These channels exhibit second-order spec-
tral nulls at normalized frequencies (ISI-1)
and (ISI-2). Therefore, traditional
equalization schemes, such as MMSE LE or DFE, would
incur large performance losses compared with the “one-shot”
matched-filter bound. For example, at BER of , these
losses are 30 dB (LE) and 9 dB (DFE) for ISI-1 [3] and 36 and
13 dB for ISI-2. Some researchers have considered ISI-1 for
turbo equalization [13], [14]. We will show that our approach
to turbo equalization fills the gap to no-ISI lower bound1 much
sooner (in the sense that in the BER versus SNR curve, the
threshold SNR before we see the waterfall phenomenon is
smaller), than other turbo-equalization techniques, e.g., [13],
both for ISI-1 and ISI-2, at quite a moderate complexity,
assuming the input alphabet size is small.

In obtaining the results of this section, we make the following
assumptions.

• The interleaver size is 3E4.
• For all log-domain algorithms (BCJR and CD APP), the

operation is employed.
• The outer code is an RSC code (7,5) where “(7,5)” rep-

resents the feedback and feedforward polynomials of the
RSC code in octal format.

• The lengths of the causal and anticausal parts of the
equalizer in the case of the hybrid LE are 9 and 5, re-
spectively, for ISI-1 as suggested in [13]. To account for
the more severe ISI in ISI-2, these lengths are set to 15
and 10, respectively.

• The length of the anticausal forward equalizer used to
phase-equalize the channel is 5 for ISI-1 and 7 for ISI-2.

Note that the forward equalizer taps are optimized for
each SNR value according to the MMSE criterion [26].
As an example, the effective causal ISI channel seen at

1No-ISI lower bound refers to the best-case scenario where no ISI is present,
but there exists an outer RSC code.
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Fig. 3. EXIT charts corresponding to the CD-HDF detector for different values
of for ISI-1. Solid and dash-dot trajectories correspond to the hybrid LE and
CD-HDF , respectively.

the output of the forward equalizer is characterized by
for ISI-1 at 6

dB, and by
for ISI-2 at 10 dB. As opposed to the

case in ISI-1 and ISI-2, the ISI energy in the effective channels
is concentrated up front. The noise at the input of the CD
detector is nearly white. We assume that the variance of this
noise (to be used in the CD detection) is empirically obtained
by means of training.

A. Effect of Decision Delay

The effect of decision delay for ISI-1 is demonstrated in
Fig. 3, which shows the TC of the CD-HDF detector with
varying values of at dB. Increasing moves
the TC up in the EXIT chart. A big improvement is made as
we increase from 1 to 2. The improvement is marginal if
we further increase . Also shown in Fig. 3 is the TC of the
outer RSC decoder and the simulated average trajectory (over
50 transmitted blocks) for (indicated by the dash-dot
staircase), visualizing the iterative convergence. The vertical
lines of the trajectory represent the information flow from the
RSC decoder to the ISI detector, whereas the horizontal ones
specify the reverse direction.

An interesting result shown in Fig. 3 is that in a turbo-equal-
ization setting, a CD detector with a decision delay covering
most of the ISI energy performs almost as well as full MAP
detection implemented by the BCJR algorithm. The proposed
CD-APP scheme with operates on a 4-state trellis,
whereas the BCJR algorithm for operates on a 16-state
trellis. The computational burden of BCJR, measured in number
of multiplications required per symbol period, is twice that of
CD-APP, as will be shown shortly. Also, the CD detector enjoys
an advantage over the BCJR algorithm in that the latency due
to forward and backward recursion of the BCJR algorithm is
no longer an issue, and that the storage requirements are vastly
reduced.

Fig. 4. BER versus of different soft-output channel-detection schemes
for ISI-1.

B. Comparison With Hybrid LE

In Fig. 3, the TCs of the two time-invariant approximations of
the LE, as discussed in [13], are also reported. Approximation I
of the LE assumes no a priori information, whereas approxima-
tion II assumes perfect a priori information. This is confirmed
by the TC of approximation I being higher for small values of
a priori information, , and the TC of approximation II being
higher for large values of . The hybrid LE scheme of [13]
starts with the first approximation, when little a priori informa-
tion is available, and later it switches to the second approxima-
tion as the a priori information improves.

We can conceptualize the TC of the hybrid scheme as con-
sisting of the initial part of the TC of approximation I and the
final part of the TC of approximation II. A switching criterion
was developed in [13], which is based on the average variance of
the extrinsic output LLRs of the equalizer. The hybrid scheme is
argued to have an effective structure, because the two approxi-
mations are essentially two finite-impulse response (FIR) filters
with the same length, and switching between the two FIR fil-
ters amounts to changing filter coefficients. Looking at the tra-
jectory of hybrid LE in Fig. 3 (solid staircase), we see that the
switching occurs one iteration after the crossing point between
the TCs of the two approximations. Note that both hybrid LE
and CD-HDF with converge to the same point, but the
trajectory of CD-HDF consists of a much lower number of iter-
ations than that of hybrid LE (5 versus 12). This is an advantage
in delay-sensitive applications. Although not shown here due to
limited space, unlike the TC of hybrid LE, the TC of CD-HDF
at 4 dB still stays above the TC of the RSC decoder, making
it possible for the simulated trajectory to manage to “exit” the
narrow tunnel between the TC of the CD detector and that of the
RSC decoder, and finally converge. The fact that the trajectory
associated with CD-HDF follows the EXIT chart closely indi-
cates that for the given delay setting of and ISI-1, HDF
is effective, and error propagation is not an issue.

The EXIT chart analysis result of Fig. 3 is also verified in
the BER curves of Fig. 4. For a large enough number of itera-
tions, e.g., 15, all soft-output schemes approach the no-ISI lower
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TABLE I
PER ITERATION PER SYMBOL COMPLEXITY OF VARIOUS SOFT-OUTPUT DETECTORS WITH BINARY INPUTS. (I: LENGTH OF THE ISI, : DECISION DELAY)

bound. Note that in the case of BCJR and CD-HDF , al-
though we show the iterative BER after 15 iterations, no more
gain was achieved after 5 iterations. The SNR threshold at which
we see the waterfall phenomenon (referred to as pinch-off limit
in [14]) is about 1.5 dB better for CD-HDF than for
hybrid LE. This was also anticipated by the EXIT chart anal-
ysis result presented earlier. By comparing the no-iteration BER
curves with their corresponding 15-iteration curves, we see that
all soft-output schemes gain significantly through iteration. In-
terestingly, the gap between the BCJR and CD detectors de-
creases dramatically as the number of iterations increases. For
example, at , the gap between the BCJR and CD-HDF

schemes is around 2 dB for no-iteration, but it essentially dis-
appears after five iterations. The gap between the BCJR and hy-
brid LE algorithms also disappears when the BER falls below

, but with a far higher number of iterations.
Table I summarizes the complexity analysis of the CD de-

tector for different DF schemes. In the same table, we see that
the complexity of the BCJR algorithm is exponential in ISI
length. We remind the reader that the overall complexity of our
approach should include the front-end equalizer if phase equal-
ization of the channel is necessary. However, compared with
the hybrid LE, the phase equalizer is much shorter. Given the
short-phase equalizer (or no such equalizer at all), the small
value of decision delay, and the far lower number of iterations
required to converge, it can be shown that the complexity of
CD-based schemes is lower or comparable to that of the hybrid
LE for binary input systems. The complexity associated with
different versions of soft-output LE is provided in [13].

C. Hard versus Soft DF

Fig. 5 compares the EXIT charts corresponding to HDF and
GSDF for ISI-2 at 10 dB. First note that the difference between
HDF and GSDF shrinks as we increase , i.e., as we cover more
ISI terms. Eventually, when , feedback of past decisions
no longer exists, and so GSDF and HDF coincide. When ,
the TC of GSDF starts at a higher , but it eventually meets
the TC of HDF as the a priori information increases. Thus, it ap-
pears that given enough a priori information, it does not matter
whether we use HDF or SDF. However, it turns out in reality
that HDF suffers from a serious drawback when ISI is severe,
as we now explain.

In Fig. 5, although the EXIT chart of HDF suggests a rela-
tively easy convergence, we see that for , the respective
trajectory does not follow the EXIT chart. In fact, it moves up
for the first couple of iterations, but later, it surprisingly moves
down (as indicated by the solid staircase). Although not shown
to avoid cluttering Fig. 5, we observed a similar behavior when

. For larger values of , HDF trajectory smoothly moves

Fig. 5. EXIT charts corresponding to HDF and GSDF for different values of
for ISI-2. For , the trajectory of HDF (solid) fails to follow the path

suggested by the EXIT chart. This is not the case for GSDF (dash-dot).

up. The rather peculiar up–down movement of the HDF tra-
jectory in high tail-ISI energy cases can be best explained by
the detrimental effect of error propagation induced by HDF.
This, in turn, implies that the LLRs generated by CD-HDF fail
to satisfy the Gaussianity assumption underlying the TC’s in
the EXIT chart, as will be shown shortly. The trajectory cor-
responding to GSDF, on the other hand, follows more or less
closely the path suggested by the EXIT chart (as indicated by the
dash-dot staircase). The fact that the trajectory corresponding to
GSDF, as opposed to HDF, moves up to a much higher point,
translates into much better BER performance of GSDF. Sim-
ilarly, Fig. 6 compares GSDF with the simpler SDF scheme,
MSDF, at 8 dB and for . Again, we see that MSDF tra-
jectory (solid staircase) fails to completely move up. Although
not shown, we also observed that GSDF is generally more ro-
bust than MSDF when the suboptimal max operation is used in
lieu of the operation. Fig. 6 also shows the TCs corre-
sponding to the two approximations of hybrid LE. Note that at

dB, the performance of hybrid LE is not at all satis-
factory, because the iterative process stops very early due to the
crossing between the TCs of the RSC decoder and approxima-
tion I of LE. We observed that the convergence of hybrid LE is
not possible until reaches 11 dB, and when that happens,
we require significantly more iterations to converge, compared
with the CD-based schemes at the same SNR.

Using normalized kurtosis, we illustrate in Fig. 7 that the pdf
of the extrinsic LLR output of HDF and MSDF fail to eventu-
ally become Gaussian. The reverse is true for GSDF for similar
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Fig. 6. EXIT charts corresponding to MSDF, GSDF, and hybrid LE for ISI-2.
Unlike the trajectory of GSDF (dash-dot), that of the MSDF (solid) fails to
follow the path suggested by the EXIT chart. Furthermore, the convergence
speed is much faster for GSDF than for hybrid LE.

Fig. 7. Gaussianity measure of the extrinsic LLR outputs of different
soft-output channel-detection schemes for ISI-2.

parameter settings. As an example, after seven iterations, Gaus-
sianity is achieved in GSDF case. This is even quicker in the
BCJR case.

Finally, in Fig. 8, we provide the BER performance of dif-
ferent soft-output channel detection schemes for ISI-2 after 15
iterations. At BER of , we make a number of observations:
1) CD-GSDF performs almost 2.5 dB better than hybrid
LE. In the former case, the complexity is due to a length-7 for-
ward equalizer and a CD-GSDF detector with as given
in Table I, whereas in the latter case, we are using a length-25
LE. We emphasize again that the number of iterations needed
for convergence is typically much more for hybrid LE than for
CD-GSDF; 2) the performance difference between CD-GSDF
and CD-HDF is 2.5 dB for and 1.1 dB for ; 3)

Fig. 8. BER versus of different soft-output channel-detection schemes
for ISI-2.

CD-GSDF performs only 1.3 dB worse than the optimal
BCJR algorithm, while being far less complex and not suffering
from a significant detection delay inherent in the BCJR variants
(due to the forward/backward recursion); 4) the performance
of CD-MSDF lies between those of GSDF and HDF for both

and ; and 5) as opposed to CD-GSDF ,
CD-HDF performs very poorly at 10 dB. This was also
corroborated in the EXIT chart of Fig. 5, as the HDF trajectory
did not move up because of severe error propagation.

VI. CONCLUSION

We derived a CD APP algorithm based on a simple trellis rep-
resentation of partial ISI components to be used in turbo-equal-
ization settings. We also investigated trajectories of mutual
information through the iterative process to evaluate various
DF schemes that can be used in conjunction with the CD-APP
algorithm. We demonstrated that different ISI structures called
for different DF schemes. For the two examples of relatively
severe ISI channels considered here, we showed that CD-APP
combined with appropriate SDF schemes approached the op-
timal BCJR algorithm in performance, but with much reduced
complexity. Compared with the exiting soft-output LE, the
CD-APP equalizer yields much faster convergence as well as
allowing convergence at SNRs at which the LE simply could
not converge. At SNR and ISI conditions where the LE was
able to converge, BER performance also indicated favorable
performance/complexity tradeoffs for CD-APP/DF compared
with the LE algorithm, especially for small input alphabets.

APPENDIX I
DERIVATION OF (22)

Substituting (17) in (20), we can write

(34)
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which can be further simplified as

(35)

where we have used the fact that and where

, and is simply obtained through

(36)

where . Substituting (36) in
(35), we arrive at (22).

APPENDIX II
DERIVATION OF (23)

We express as and define
. Extending the square term, it is easy to show

that

(37)

where denotes the mean-value operator. Using (17) and (20)
in the definition of , we can write

(38)

Now, we use (38) to compute in (37)

(39)

Since ’s are independent, we can further simplify

(40)

where . Using (36) and the fact that
, we will arrive at

(41)
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